BCTYN

B MeToan4HMX BKasiBKax BUKNaAAeHO OCHOBHI TEOPETUYHI NONOXEHHS i
MeToaM Teopil YHKUIN KOMMIIEKCHOI 3MiHHOI, $Ki 3HaxXo4ATb BaXI MBI
3aCTOCYBaHHSA Mpu PO3B’A3yBaHHI MPUKNagHUX 3adad Teopii aBTOMaTU4HOro
KepyBaHHA, €neKTPOTEXHIKM, pafiOTeXHIKM, TeopeTU4yHOl MexaHiku. [OnsA
GinbWw  rMMBoOKOro  pPO3yMiHHA  MaTepiany  TEOPEeTUYHI  MONOXEHHS
IMIOCTPYIOTLCA  PO3B’A3aHHAM TUMoBux 3agad. PoboTta Oyge KOpUCHOK
cTygeHTam Ans rmuboro po3yMiHHA iX  dpaxoBMX AUCUMNSIH | npwu

CaMOCTINHOMY BMBYEHHI KypCy Teopil (PYHKLIN KOMMSIEKCHOI 3MiHHOI.

ENNEMEHTU TEOPII TA METOOUKA PO3B'SA3YBAHHSA
HA NMPUKNAOAX TUNMOBUX 3AOAM

1. KOMIUJIEKCHI YNCNA (KY)
1.1. KomnnekcHi ymcna B anre6pai4vHin cdoopmi

O3HauyeHHsA. KoMnniekcHUM 4ucromMm z B anrebpailyvHin dopmi Has3nBaeTbCs

BUpas3 surnagy

z =1+ yt, (1.1)
ne x, y — AiNCHI Ymcna, | — yaBHa OAMHMLUA, WO MaE BlacTMBICTb
PP =—-1 (N-1=%i). (1.2)

Cknagosi z,y Ha3nBalTb AINCHOK Ta YSABHOK 4YacTMHAMM KOMMSIEKCHOrO

yucna z i no3HavarTb cumBosiaMn . = Rez, y=Imz.

3a o3HaueHHsM (, 2" ) noknagalTs x4+ 0iZz;  O+yizyi; 0+ 0i20.



K4 %z =z — yi HasmBaloTb cripskeHnm o K9z = x + yi.

NeomempuyHa iHmeprnpemaduis,
MOQysib ma ap2yMeHm KOMIM/1eKCHO20 y4

qyuclsa

KomMmnnekcHi ynucna moxHa 306paxyBatu a

Ha cneuianbHIN MNOLWKHI, 9Ka B LbOMY

oA 4

BUMNAgKy Ha3MBaETbCA  KOMIMMEKCHOK X
MMAOLWMHOL. KomnnekcHe yuncno Puc. 1.1

z = x 4 yi 300paxyeTbCs Ha nnowwmHi Ozy Toudkow M(z;y) abo pagiycom—

BekTopoM OM (puc.1.1). JoBXMnHa LbOro BekTopa no3Ha4aeTbCsi CUMBOJSIOM
|zl 1 HasuBaeTbca moaynem KY 2z, KyT MDK UMM BEKTOPOM i [0O4ATHOK

niBeiccto Oxr MNoO3HayaeTbCA 4Yepe3 Argz | Has3MBaeTbcda aprymeHtom KY 2.
3HayeHHs Argz B Mexax iHTepBany (—m;m| NO3HayaeTbCA yepes3 argz |

Ha3MBa€eTbCA rosioBHUM. Moayrnb i apryMeHT 3HaxoadaTbCs 3a popmynamu:

(1.3)
argz =, Argz=argz+2kr (k=0,£1,+2,...),
ae p,p —NonaApHi koopanHaTtn Todkn M(z;y), Wo 306paxye K4 z:
arctgg, x> 0;
x
7T+arctg£, r<0, y>0
x
argz = o = 1 —7r—|—arctg£, r <0, y<O0; (1.4)
x
s
—, =0, > 0;
5 Yy
s
——, =0, y<O0.
2 Yy

KomnnekcHi uncna z =z, +y¢ Ta z, =z, + y,t 300paxKyeTbCA CyMOK0 Ta



pisHUUEl0 pafiyc-BeKTopiB 3 KiHUEBUMU Toukamun M, (z;y,), M,(x,;9,).
BennumHa |z, —z, | Mae reomMeTpu4HUn 3MIiCT BiACTaHi MK Toykamu I Ta

M,, wo 306paxyoTb Yucna z,, z,.

Onepauyii 3 K4 e anzebpaidHiti ghopmi

Onepauil gogaBaHHS, BiAHIMaHHS, MHOXEHHS, OiNEeHHS 34iNCHIOTLCS 3

KUY sk 3i 3Bu4anHumMm anrebpaiyHummn BMpasamu, TifbKU Crig BpaxoByBaTw,
wo i° = —1.
1) (nopiBHaHHa KY) KW 2 =2z, +yi T@a 2z, =2, +y,i BBa¥alTbCA
PIBHUMW 2, = 2, TOAI | NLIE TOAI, KON =, = z,Ta ¥y, = Yy,
2) (nopaBaHHA KY)
2+ 2, =(x, +y,0) + (z, +y,0) = (2, + ) + (y, +v,)i5
3) (BigHiMaHHA KY)
2 =2 = (@ + yyi) = (2 + i) = (2 — ) + (3 — )05
4) (MHOXeHHs KY)
22y = (x, + y,0) (T, + Y1) = 3,2, + 2,Y,0 + YTy + Yyt =
= 1,7, + 2,0 + Y2+ Yyt = (2,5, — 1) (2, + )i
3 o3Ha4veHHs JobyTky KY Bunnusae
2 7= (x+iy)(z—iy)=2"+y’ = z].
5) (aineHHsa K4Y)

ﬁ:ﬁé N A (x1+y1i)(x2—y2i) _

29 Ry R 29 ($2 + yQi) (332 - ?/zi)

_ (z,m) +41Y,) + (Y1, — 1,31 Ty T Y Y, + YTy — 41l i

z; + T + v, T + U,

Ha MHOXWHY KOMMMEKCHUX 4ucen po3MnoBCIOOAXKYIOTLCA BCi BigoMmi

BNACTUBOCTI apudPMeTUYHMX onepauin 3 4iIMCHUMWU YUCriamu; 3anuarTbes, y



cuni i BCi oOpMynun CKOPOYHEHOro MHOXEHHS.
1.2. KomnnekcHi yucna B TPMrOHOMETPUYHIN Ta NOKa3HUKOBIN hopmax

O3Ha4yeHHs. TpPUroHOMETPUYHOK Ta MNOKa3HUKOBOK  dpopmammu

KOMMMEKCHOro YmMcna z = = + yi HasuBaloTb BiAMNoBigHO BUpa3n BUrNsAY
z = p(cos® + isinP), z=pe”, (1.5)
ae p = lzl, b =Argz=¢p+2kr (k=0,£1,£2,...),
a 3Ha4YeHHs napameTpiB p, BU3HaA4YalTbCcs 3a popmynamu (1.4).
B3aemM03B’A30K MiXXK TPUrOHOMETPUYHOK Ta MOKa3HMKOBOK dhopmMamu
(1.5) 6asyeTbcsa Ha bopmyni Ennepa
e’ = cosd+ 1sin P, (1.6)

. [oX] . . . o - -
ne beHKLI,IFl € mMae anre6pa|qH| BaCcTnBOCTI 3BUYaANHOI TMOKa3HUKOBOI

dyHKUIT (9K y BUNagKy, konu 6 ymcno i 6yno gincHum).
Onepauii 3 K4 e mpuzoHomempu4Hiu ma nokasHukoeili ghopmax

Hexaw z, = p,e” = p (cos®, +isin®,),
z, = p,e* = p,(cos®, +isin®,).

Topai onepauil 3 LMK YucnamMmn 34INCHIOKTLCS 3a NpaBUNamMu:;

1) (nopiBHAHHA KY) KY 2,2z, BBaxaloTbCa PiBHUMU 2, = z, TOA| | nuwie

TOAi, KONN MaloTb MiCLle  PIBHOCTI:
pp=p, O, =0,+2kr (k=0,£1,£2 ...);

i ol D +Dy )i
2) (MHOXeHHA KY) 22, = p e™ p,e™ = pp, QBRI

= pips[cos (P, + @,) + isin(®, + D,)[;



@, i 4
3) (Ainerma KY) = A At
% Py € Py

= Llicos(®, — ®,) +isin(®, — B,)] ;
Pz
4) (nigHeceHHsa KY o cTeneHs) cteneHi KY

z=pe” = p(cos® + isin P)
3HaxogAaTbes 3a popmynoto Myaspa
2" = (pe”) = p" "= p" (cosn® +isinn®), (n=0,=1 ...); (1.7)

5) (BnpobyBaHHA kopeHa 3 KY) KY w HasMBaeTbCs KopeHeM nN-ro

n

cteneHsa 3 KM z i nuwyTb w = ¥z Todi i nuwe ToAi, Konn w" = z;
ICHye pPIBHO N pPIi3HUX 3HAYeHb ¥z, 4GKi npu 2z =pe =

= p(cos® + isinP) = 0 3HAX0AATLCHA 32 POPMYIIOHO:

:W[COSM—HSinM] (k=0;n—-1), (1.8)
n n

Oe 4depe3 i/p No3HayeHO apudPMeTUYHe 3HaYEeHHA KOpPEeHA n-To

CcTerneHsa 3 4iNCHOro 4vucna p.

1.3. MeToauka po3B’sizyBaHHA 3aBAaHHA Nel

Z, T
3aBpoaHHA 1. MpeaoctaButn uncno z=-- B anrebpaiyHin,
2

TPUrOHOMETPUYHIN  Ta nNoKasHuKoBiM opmax. 3obpasutn uucna z,
2z, =14 3i, 2z, = 2+ i Ha KOMMMEKCHIN nnowuHi. Obuncnntn ¥z .

PosB’'sizaHHA. 1. [Ins npuBedeHHs yicna z go anrebpaiyHol dopmu y



1+3:

BUpasi z = - T no4iSIMMO YMcenbHUK Ha 3HamMeHHUK. MaTtnmemo:
29 1
1434 1437 2—1 2_i46i4+3 5+5i .
241 241 2—1 441 5
OTxe, z =141 — anrebpaiyHa ¢opma K4
2 =1+3i 1A
2+
ans npuBeaeHHS yucna 2 o
=14 TPUrOHOMETPUYHOI Ta MNOKA3HUKOBOI  hopwm,
""""""""" : . ckopuctaemocs copmynamm (1.3) — (1.4). [Mpwm
Z=2+1
r =Rez =1, y = Imz = 13Hangemo:
1 IZAVX 2l = p = 2" + ¥ =2,
Puc. 1.2 p = argz = arctg L = arctgl = % :
T

Y BiANOBIAHOCTI i3 cniBBigHOWEHHAMN (1.5) 2z = \E[cosg +14 Sin%] —

KomnnekcHa goopma K4  z, z=+/2 e! — nokasHvkoBa dopma K4 z.

2. 300pa3numo KoMmmnekcHi uicna z=1+4+14, 2z =1+4+3i, 2, =2+ Ha
KOMIMMEKCHin nnowuHi (puc. 1.2).

3. O0umMcnMMo 3HayeHHa KopeHst iz = Y1+ i . Ckopuctaemoca opmMysor

™

(1.8) npu n =4, p =+/2, o= k=01,2,3:

99+2k7r7,

wk:é/ﬁe 4 ':%COS%%N—I—Z'SHI%M —

4 ok T4 okn
=%2- COS4T+isin4T

OT™xe piBHAHHA Mae YOTUPU KOPEHI:



w, = é/§[cos1 4 z‘sini] ~1.07 + i 0.213;
16 16

w, = %[608[14-2]4-2'8111[14‘2]] =
16 2 16 2

§/§[—sm1 4 z’cosi] ~ —0.213 4+ 1.07:
16 16

w, = §/§[COS[1+7T]+7;SHI[£—|—7T]] =
16 16

- %[—cos1 . z‘sini] ~ —1.07 —i 0.213;
16 16

W, = \8/5[008[1+3—7T] +isin[1+3—ﬁ]] =
16 2 16 2

— %[Sini - z‘cosi] ~ 0.213 — i 1.07.
16 16

306pa3nMMo KopeHi PIBHAHHA w = /1 4 i Ha KOMMMAEKCHIN nnowuHi (puc. 1.3).

Bignosigb: z=1+1, z:ﬁeqi, z:ﬁ[cosg—l—z'sin%];
wO :§/§[C081+7;Sinl]1 wl :%[_Cosi_iSini],
16 16 16 16

w2=§/§[—cosl—z'sinl], wgzﬁ[sinl—icosi].
16 16 16 16

2. ®YHKUII KOMMIEKCHOI 3MIHHOI (DK3)
2.1. Cnoco6u 3apaBaHHA ®K3, enemeHTapHi PK3

Hexan 3MmiHHI KM 2z =2+ yi Ta w=u+ vi NPUUMaKOTb 3HAYEHHS 3
MHOXWH D = {z}, F = {w?}.

O3HayeHHA. OK3 w = f(z) 3 obnactio Bu3Ha4eHHA D i MHOXWHOWO

3HadyeHb E HasmBaeTbCHA Taka 3anexHiCTb MK 3MIHHUMW z Ta w, MPU AKin

10



KOXXHOMY KM 2z =2z +4+yi € D 3a nNeBHMM npaBuiioMm f  MOCTaBfEHO Y
BignosigHictTb eanHe KY w=wu+vi € F | 3BOPOTHO: Ana KoxHoro K4
weFlE = dze D, wo f=w.

3MiHHa 2z Ha3MBaETbLCS He3aneXxHoKw 3MiHHOK abo aprymMeHTOM, 3MiHHa

w — 3arexXHo 3MiHHO abo doyHKuieto. HoAI 3anexHy 3aMiHHY w | NpaBuno
f, 3@ gKMM  BOHa  3HaAxXO0OUTbCA MO3HA4YalTb CMIMIbHOK JITEPOKD |

JYHKUIOHANBbHY 3anexHiCTb N03HaYyalTb CUMBOSIOM w = w (2).

3ayBaxeHHA 2.1. |Hodi KpiM 3BMYanHUX (ogHO3HaYHUX) OK3, poBoauTbes
po3rnagatn Takox ©Oarato3HauyHi, TO6To Taki, KonuM KoxHoMmy KY 2 € D
CTaBUTbCS Yy BIiOANOBIQHICTL HE OAHe, a AeKinbka MOXNMBMX 3HadeHb KY w.
Hapani ©e3 cneuianbHOro nonepempkeHHss 0Oyaemo po3rnsgaTty  TinbKu

OLHO3Ha4HI PYHKUT.

Cnocobu 3adaeaHHAa ®K3

3a3HauMMo [OBa XxapakTepHux cnocodbwu 3agaBaHHsa PK3, wo
BCTAHOBSIOOTL X 3B'A30K i3 3BUMYAUHUMU PYHKLIAMU  OINCHUX 3MIHHUX:
3aJaBaHHS  [OINCHOK Ta  YSABHOK  4YacTUHaMK, 3aJaBaHHS  CyMOK
JoyHKLiOHanbHOro paay.

1-n cnocib. 3agamo AincHi dyHkuii  u =u(z;y) Ta v=uv(z;y) BIg
aprymeHTiB z,y. Nloknagemo

u(z;y) = Re f(2) = Re f(z + y1),

v(z;y) = Im f () =Im f(z + y i)
i cknagemo ®K3 f(z) 3a popmynoto:  w = f(2) = u(z;y) +iv(z;y).

2-n cnoci6. 3agamMo KOMMNMEKCHO3Ha4YHUM psaa

11



zan(z - ZO)n — aO + al(z - ZO) + + an(z - ZO)n + (21)
n=0
®K3 f(2) 3agamMo AK CymMy LibOro psgy 3rigHo 3 HaCTyNMHUM O3HAYEHHSM.
O3HauyeHHA. Obnactb D HasmBaeTbcA obnacTio 36iKHOCTI psay (2.1), a PK3
f(z) — noro cymoto B Uin obnacTi, AKwo ansa koxHoro KM z € D

Jlim | S, (2)— f)|=0,

n—oo

e yepe3 S (z) NO3HAYEHO YAaCTUHHY cymMy pagy (2.1):
S =a,+a(z—2z)+a,(z—2) ++a,(z—2z)"

O6nacTtb Bu3HadeHHa ®K3 f(z) B gaHomy pasi 3b6iraeTbcsa 3 obnactio D
30ixxHoCTI pagy (2.1). CtocoBHO 36ixHOCTI pagy (2.1) BiaoMo HacTynHe. IcHye
Kpyr pagiyca R (Kpyr 30DKHOCTI) i3 LIlEeHTPOM Yy Touui z =z,, SKUA Mae
BI1ACTMBOCTI: Y BHYTPILLUHIX TOYKax LbOro Kpyra, B obnacTi |z — z, |[< R, uen

psg 30iraeTbcs;

1) 3a mexamu kpyra, To6To B obnacrTi | z — z, [> R, pag po3biraetbcs;

2) B Todkax kona Cj, : | z—z, |= R B 3aneXHOCTi Bif 3Ha4eHb 3MiHHOI 2

pag Moxe sk 3biraTuce, Tak i posbiratucs.

Pagiyc 36iKHOCTI pagy MOXHa BU3HauYnTU 3a Byab-aKoto 3 hopMyI:
R = lim |4 | L

e |an+1 |’ - hm n ‘a’

n—oo

.

EnemeHmapHi ®K3

KoxHa enemeHTapHa ®K3 f(z) €, Tak 3BaHMM, aHaniTU4HUM

NPOOOBXEHHAM  MNEeBHOI AINCHOI enemMeHTapHoi  OyHKUii f(z) 3 obnacTi
AOINCHUX apryMeHTiB x B 0611aCTb KOMMNIIEKCHUX apryMeHTIB z.

[o ocHoBHMX enemeHTapHnx ®K3 BigHOCATLCS:

1) (uina pauioHanbHa dyHKLUis abo NOSIHOM m -ro cTeneHs)

12



P (z):p0+plz+..'+p7”z,,n (pﬂ'lri()’ meN);

m

2) (opoboBo-pauioHanbHa dyHKUia abo pavuioHansHUn Opiod)

P ()  py+pz+--+p,2" .
Q, g taqrteog

3) (ekcrnoHeHuianbHa yHKLUisA)

e =32 (22)

4) (TpUroHOMeTpPUYHI YHKLIT)

eiz_ efiz 00 / 2
sing = —— = 1) —, 2.3
21 ;( ) (2n 4+ 1)! (2.:3)
eiz+ efzz 00 / z?n
cosz =——— = -1) , 2.4
= Y G (2.4)
: COS 2
tgz = e , ctgz = ;
COS 2 sin z
5) (rinepBoniyHi oyHKLT)
Z a2 00 2n+1
she=S"C o5 2T
2 = (2n+1)!
ez+ efz 00 Z?n
chz = = ) 2.5
2 ,LZ; (2n)! (2:5)
chz
thz:Sh—Z, cthz = —.
chz sh z

3asHaueHi psian 36iraloTbCsl Ha BCiK KOMMSIEKCHIN MNOLLMHI.
ExkcnoHeHuianbHa oyHKUiS € nepioandHoto 3 nepiogom 1T = 274 ;

24271 P
=€

MatoTb Micue dpopmynun Ennepa:

2 —i 2z

7 PR ..
e =cosz-+isinz, e = cosz—isinz. (2.6)

Mi>xX TPUroHoMeTpU4YHNMU Ta rinepboNiYHUMU (PYHKLISMU iICHYE 3B’SI30K:

13



sin(iz)=1 shz, cos(iz)=chz,
sh(iz)=1isinz, ch(iz)=cosz.

6) (norapndmivyHa yHKLiS)

Inz=1In|z|+i Argz =

=1In|z|+i(argz+2km), (k=0,£1,£2 ...); (2.7)
7) (0B6epHeHI TPUroHOMETPUYHI COYHKLLIT)

Arcsinz = —i Ln(iz + V1 — 2%);
Arccosz = —iLn(z + V2" — 1);

Arctg z = —iLnlJrZZ'

1—iz’

. 1

Arcctg z = In ?Z+ :
12— 1

7) (o6epHeHi rinepbonivHi pyHKLIT)
Arshz = Ln(z + 2> +1);

Archz = Ln(z +v2* —1);

Arthz:an1+Z'

)

1—=2

Arcthz:anZ+1.
z—1

8) (3aranbHa cTeneHeBa (PyHKLUISA)

w= 2",
(z = a + i — 6yab-aKe KOMMNIIEKCHEe YNC0) BM3HAYaETHLCS PIBHICTIO

2 a__ e alnz .

(2.8)
9) (3aranbHa nokasHMKoBa PYHKLIISA)

w=a’,

(a = 0 — ByOb-sIKe KOMMNIIEKCHE YMCI0) BU3HAYAETLCS PIBHICTHO

az: e ana.

(2.9)

14



2.2. T'paHumusa Ta HenepepBHicTb PK3

OKONom TOYKM 2, HA3MBAETBCH MHOXWHA BCIX TOYOK z KOMMMEKCHOI

MAOLMHK, WO MICTATLCS B MeXax Aesikoro Kpyra pagiyca R > 0 3 LEHTPOM Y

TOuLUi z,, TOBTO 3a40BOMBHSAOTL HEPIBHOCTI: |2z — 2, |< R .

O3HaueHHs. KomnnekcHe uncno A HasmBaeTbes rpaHuuetd OK3 w = f(2)

Npu HabnWKeHHI z [0 z, i MUyt limf) =A (@bo fz) — A npu

zZ—2
|z — 2, |— 0), aKwo:
1) ®K3 € BU3Ha4YeHO B OKOMi TOYKU 2, KPiM, MOXIMBO, CaMOIl TOYKHU z,,;

2) |f—Al—=0nmpu|z—z,|— 0.

Teopema 2.1. IcHyBaHHSA rpaHnyi lim f(2) = A, ge

[ =u(z;y) +iv(z;y), 2y = Ty + 1Y, A=a+if

€ PIBHO3HAYHUM [0 iCHYBaHHSA rpaHnLb

limu(z;y)=a Ta limov(z;y)=7.
T— X T—T
Y=o Y=Y

O3HayeHHA. PK3 w = f(2) Ha3MBaETLCH HEMEPEPBHOIO B TOML 2,, AKLO:
1) ua ®K3 € BM3HA4YEHOI B OKOMi TOYKM 2,;
2) 3 (icHye) rpaHvus: 3 lim f(2) = f(z)-

2.3. MNoxigHa, nepBiCHa Ta HeBU3Ha4YeHUM iHTerpan Big ®K3

O3HauyeHHA. K3 f(2) Ha3nBaeTbCA AMPEPEHLINOBHOIO B TOML z,, @ BUPa3

f(z,) un % 11 moXigHo B Ui TouLi, AKLO
VA

3 1ij — f/(zo) _ df(zo).

e Z — ZO dZ

15



Teopema 2.2. Axkwo PK3 f(2) € AdepeHLUinoBHOI B ToYLi z,, TO BOHA € 1
HenepepBHOK B LK TouL,.

Teopema 2.3. [na Toro, wob6 ®PK3 w = f) =u(zr,y)+iv(z,y) mana
NOXigHy y Touui z = z + iy, HeOBXiAHO N OOCTaTHLO, WO6 dyHKUiT u(z,y) Ta
v(z,y) Oynn andepeHuinoBHUMKN B Toyui (z,y) Ta 3a40BOMLHANMM yMOBaM

Kowi — PimaHa:

9u _ov

or 9y’

o oo (2.10)
| Oy Ox

[MoxigHy andepeHuinoBaHol PK3 moxHa nogatu y BUrMNAAI

ou ov Ou .Ou Ov ov Ov .Ou
"= —ti—=———i—=—ti—=——i—. 2.11
S Ox Z@x Ox Z@y oy Z@x 0y Z@y ( )

O3HauyeHHA. PK3 F(z) HasuMBaeTbCA nMepBiCHOW [0 YHKUIT f(z) B

OJHO3B'A3HIN 0bnacTi D, AKLO Y KOXHIiN Touui z uiei obnacti 3 F/ (2) = f(2).

O3Ha4veHHA. CykynHiCTb BCiX nepBiCHMX OO0 yHKUil f(z) B obnacti D
Ha3NMBaETbCA HEBU3HAYEHUM iHTerpanom Big yHkuii f(z) B obnacti D. Mae
Micue popmyna:

ff(z)dz: F)+C,

ae ff(z)dz — HEeBU3HaYeHun iHTerpan Ao yHkuii f (z) B obnacrti D, F(z) —

ofHa 3 nepsiCHUX OO YHKLUiT f(z) B obnacTti D,a C — const .

3ayBaxeHHSA 2.2. O3Ha4YeHHs rpaHuui, NoxigHol Ta nepsicHOI y Bunagky ®K3
3anuwalTbCsl iIHBapiaHTHUMKU, TOBTO HE3MIHHMMMK 3a (POPMOIO MOPIBHSAHO 3
BiONOBIAHUMWN  O3HAYeHHSAMU ONns PYHKUIN  OincHOI 3MiHHOT. Tomy npwu
onepadisix 3 K3 36epiratoTbCs B cuni BigomMi npasuna andpepeHuitoBaHHA Ta

iHTerpyBaHH4, Tabnvua NnoxigHUX Ta iHTerpanis.

16



2.4. AHaniTnyHi ®K3

O3HauyeHHA. PK3 f(2) Has3MBaeTbCA aHaNITUYHOIO B TouUi 2,, SKLO BOHA €
ANdepeHLiMOBHOIO AK y caMiil TouLi z,, TaK i B esAKOMY 11 OKOTTi.

O3HavyeHHAA. PK3 f(2) HasMBaeTbCAa aHaniTUYHOK B obnacTi D, SKWO BOHaA
€ aHaniTU4HOK Yy KOXHIiM Touui uiei obnacti. ®K3 f(z) HasmBaeTbcsa

aHaniTU4HOW B 3aMKHeEHiIM obnacTi D, AKWO BOHaA € aHaniTM4HoOK B obnacTi

D Ta Ha il mexi.

lpo 36’ 130K MiXk aHanlimuYyHUMU ma 2apMOHIUHUMU ¢hYHKUisIMU,

8iOHOBJIeHHS1 aHanimu4yHoi PK3

O3HauyeHHsA. [lincHa dyHKUIA ¢ (x,y) HAa3NMBaAETLCA rapMOHINHOK B obnacTi

D, kw0 BOHaA Mae B Ui 0bnacTi HenepepBHi YaCTUHHI NOXIiAHI 40 ApYroro
NopsAKy BKITHOYHO Ta 3a40BOJSIbHSAE PiBHAHHIO Jlannaca:

0’ 0’
Py T
ox~ Jdy

0. (2.12)

[apMoHivHi B obnacti D dyHKUil u(z,y) Ta v(z,y), WO 3a40BOSLHAIOTb

ymoBam Kowi — PimaHa (2.12), Ha3MBalTbLCA CMPSXXEHUMU FapMOHIMHUMU

JoyHKUiIAMMN.
Teopema 2.4. [Ona Toro, wob K3 w=f() =u(z,y)+iv(z,y) 6yna

aHanituyHoto B obnacTti D, HeobxigHO 1N AocTaTHbO, WO il AincHa u(x,y) Ta

ysiBHa v (z,y) YacTMHM Oynu y uin obnacti CnpsXXeHUMW rapMOHIMHUMM

doyHKUIAMMN.

reomempu4Hul 3micm mModysiss ma ap2yMeHmy rnoxioHoi
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Hexan dyHKUia f(z) € aHaniTu4HOol B Touui z, | f’(zo)zo. Topni
MoZynb NoXiaHoi | f/(z,) | AOPIBHIOE KOeMILiEHTY po3Tary k B Touui z, npw
BifOGpaXeHHi w = f(z) NNOWWMHM z Ha nnowmHy w. Mpu &k =| f'(z,) > 1,
Mae Micue po3Tsr, npu k =| f'(z,) |< 1- cTuck.

ApryMeHT noxiaHoi arg f'(z,) [HOPIBHIOE KyTy ¢, Ha sikuii Tpeba
MOBEPHYTW [OTUYHY [0 KPUBOI HA NIOWMHI z B Touui z,, LWOO npwu
BigobpaxeHHi w = f(z) oTpMmatM OOTUYHY OO0 obpasa uiei KpuBOi Ha
NAOWWMHI w Y Touli w, = f(z,). 3ayBaxumo, Wo SKkWwo ¢ = arg f'(z) > 0, TO
NOBOPOT 34INCHIOETLCA MPOTU TOAMHHUKOBOI CTPINKM, a Npn ¢ <0 — 3a

rOANHHUKOBOI CTPISKOIO.
2.5. MeToauka po3B’sizyBaHHA 3aBAaHHsA N2
3aBaaHHsA 2.1. MNogaTtu B anrebpaiyHin opmi:

J3+i
9

1+1

: B) Arth[

a) cos [g + 22’] ; 6)

4—32’]

: T o : :
Po3B’si3aHHA. a) cos [5 + 22] = ‘ cos(z, + z,) = cos z, cos z, — sin z, sin z,

m A o : :
= cos—cost—sm581n22 :‘ sin(iz) = ish z ‘ = —ish2,

z zLna

6) 3rigHo 3 dhopmynoto (2.9) a =e =

2

J§+z‘]

V34| _(VB4i) (Bri] _(Bi]
2 2 2 2

+1

O6uuncnmmo okpemMo Bupas z'Ln[ . 3a copmynoto (2.7)

Lnz =In|z|+i (arg z + 2k7).
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OckKinbkun z =

, y=Imz= % 3a chopmynoto (1.4)

3 1 Y 1 s
2 2

Zl=Nr+y =, /—+—=1 argz = arct arctg — = —.
|z |= V2" +y J4 . g g NG

z 6

Omxe mlﬁi” :m1+{z+amq:41+2m}
2 6 6
1 Ln V3 + i :iQ[z—i—Qkﬂ]:—[z—l—ka].
2 6 6
AL+ N\ iln V3+i (L)
OcTaTto4Ho [\E;”J :[\E;FZ e 7 ]_ ?—F%Z ‘e [§+2¥

B) OcKinbkn piBHICTb w = Arth z piBHOCUNbHA PIBHOCTI z = thw, TO MOXeMO

3arncartu

—w

shw e"—e _ _
z=thw = z= =——— = ze'+e’)=e"—e" =
chw e"+e

2w 2w
1 —1
Z(e - ) _ (e ) — 26211)+ . e?w_ 1 - e?w(l . Z) — 2+ 1 -

w w

e e
e'(1—2)=2+1 :>62“’:Z—+1
1—2
w:Arthzzan1+z.
2 1—2
3rigHO 3 YMOBOIO 3afadi 2 = — 0, oTxe
4—3i+1
w:Alr‘ch[Zl_i))Z]:an5—.:ang_?ﬂ_:‘z1:9_3Z :anzl
(43 2 143 1+3i | 2
5)

3Hangemo anrebpaivHy opmy KY 2z,

~9-31 9—32'.1—32' _9-27T1—-31—-9 _a
1+3i 143 1-3i 10 '

Omke z, = Rez, =0, y, =Imz = —3. 3a opmynoto (1.4)

2
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|Zl |: \/x12 +y12 =3, argz = _g

3a dopmynoto (2.7) Lnz =lIn|z |+i (argz, +2km) =1n3 + z[—g + 2k7r].

Omxe w:Arth[4_32] 1

=—Lnz :11n3+z’[—z—|—k7r].
2 2 4

— t+ =1

BignoBigb: a) COS[%—I— 2@'] = —ish2; ©) 5 T3

\/g n Z.Jlﬂ‘ _ e_[é+2k]w [\E 1 ]
9 )

keZ.

B) Arth[4_532] = ln\/§+i[—§+k7r

3aBaaHHA 2.2. 3’AcyBaTu, UM € aHaniTUYHOW (PYHKUIA w = e®. Y BUNagKy
aHaniTUYHOCTI Ui€l PYyHKUIT 3HANTU KOeILIEHT POo3TAry Ta KyT NOBOPOTY Npu

BigobpakeHHi 3a gonomoror pyHKUii w = f(z) B TouUi z, = In2 + z%

Poss'azaHHa. 1. Ockinbkn w = f(z) = u(z,y) + iv(z,y), 3HaANAEMO LINCHY
u(z,y) Ta yaBHY v(x,y) YaCTUHU PYHKUIT w = f(2).

T iy 1 (1.6

=e"e’ =|e” = cosy+isiny |=e"cosy+ie’siny.

OTxe u(z,y) = Rew = €" cosy,
v(z,y) = Imw = e" siny.
2. [lokaxemo, wWo yHKUIA w = f(z)=¢€" aHaniTmyHa. [lepeBipnmo

BUKOHaHHSA yMmoB Kowi—PimaHa (2.10)

ou .

— =e" cosy,

oz ou Ov
v T or oy
— =e"cosy :z; y
dy

ou v

— = —e"siny,

Oy du_ v
ov . . oy Ox
— = e'siny

oz
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YmoBu Kowi — PimaHa BWKOHYKOTbLCA B OyOb-AKOI TOYuUi KOMIMMEKCHOI

NAOWMHKN, OTXe YHKUIA  w = f(z) = e° € aHaniTU4HOW (PYHKLIED Ha BCi

KOMMIMEKCHIN MIOLMHI.
MoxigHy ®K3 f(z) = e¢* 3Hanagemo 3a copmynoto (2.11)

/ a'U/ . 8/0 T N T .. (1.6) T4 z
ff(z)y=—+4i—=¢e"cosy+ie"siny =e"(cosy +isiny) =e"e" =e
ox ox
3. 3Haiigemo koedilieHT poaTary k =| f'(z,)|Ta KyT noBopoTy ¢ = arg f'(z,)
npu BioobpaxkeHHi 3a AonomMoroto yHKLUii f(z) =e* B Touli 2z, = In2 + z%

OBYNCIIMMO OKPEMO 3HaYEHHS NOXIAHOI B TOuL 2!

In 2-H'E

fl(z)=¢€"=e ! —eh2et (g)Q[COSZ—I—ising]:ﬁ—l—iﬁ

OTxe, koediuieHT po3Tary k =| f'(z,) =] V2 +iv2 | Y hr2=2.

KyT noBopoTy npu BigobpaxeHHi w = e° B ToYLi 2,:
Ny V2 T
= ar z,) = arctg— = arctgl = —.
p = arg f(z) 85 gl=7

Bianosiab: k=l f'(z) =2, e=argf(z)=

|

3aBgaHHA 2.3. BigHoBUTW aHaniTMyHy yHKUitow = f(z) B OKOMi TOYKK
z, = 0 3a BiAOMOIO YABHOK YaCTUHOW v(z,y) = 2(ch xsiny — xy) | 3HAYEHHAM
f(z,) = f(0)=1i. BHantn w'.

Po3B’'sizaHHA. 1- cnocib. 1. [lepeBipnMo, L0 BUKOHYKOTLCS YMOBU TeOpeMun

2.4 i 3apaHa yHKUia v(z,y) € rapMOHINHOIO.

ov
— = 2(shzsiny — y);
ox
owv
— = 2(chzcosy — x);
dy
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0* v

= 2-i(shxsiny—y): 2chzsiny

oz’ oz
2 [ =
0" v )
503 :2-8—(chxcosy—x):—2chxsiny
) )
v 0w
oy +8 > =2chzsiny —2chzsiny =0
Z Y

®yHKUIA  v(z,y) € rapMOHINHOI, OCKINbKW 3a40BOfMbHAE PiBHAHHIO Jlannaca
(2.12). Omxe icHye aHaniTuyHa PyHKUiIg — w = f(z) = u(z,y) + v(x,y) .

2. Ha nigctasi ymoB Kowi — PimaHa gobepemo dyHKUio u(z,y), SK CAPSHKEeHY

[0 rapMOHINHOT PyHKLiT v(z,y). 3a dpopmynamu (2.10) maTumemo:

Ou_ Y g 2.13)
a—a—y— (chzcosy — x), (2.

ou o 2(sh z si 2.14
6_y__%__ (shzsiny —y). (2.14)

[HTerpytoun piBHICTb (2.13) NO 3MiHHIM z, 3HANOEMO:
u(x,y):Q-f(chxcosy—x)da::2shxcosy—:r:2—|—g0(y) =
w(x,y) = 2shxcosy — 2° + ©(y), (2.15)

ae ¢ (y) — [osinbHa yHKUiA Big 3MIHHOT Y .
[Micna andpepeHuitoBaHHSA Mo 3MiHHIM Y i3 piBHOCTI (2.15) oTpumMaemo:

ou

— = —2shasiny + ¢ (y). (2.16)
dy

I3 NOpiBHAHHA BUpasiB % 3a cpopmynamu (2.14), (2.16) matumemo
y

—2shasiny + 2y = —2shesing +¢'(y) = ¢ (y)=2y =

W(y):fwl(y)d?JZIdey:yQ +C'.
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Mo nigctaBneHHi 3HaMaeHoro 3HayeHHs ¢ (y) y dopmyny (2.15) octatoyHO
OAepPXKNMO
w(x,y) = 2shxcosy —2° +y* +C.
3. BigHoBUMO pyHKUi0 w = f(2).
w(z) = w(z;y) + iv(x;y) = 2shzcosy — 2° + y* + C + i(2chzsiny — 2xy) =
= —(2® + 122y — y°) + 2(shzcosy +ichzsiny) + C =
7 = (z+1iy) = 2° + 2izy —

pu— X —T X —T pu—
e —e e+ e
shx = P chz =

= 2" +(e"—e")cosy +i(e"+ e “)siny +C =
= 2" +(e"cosy+ie"siny —e “cosy+ie “siny)+C =

=2+ e"(cosy + isiny) —e “(cosy —isiny)+ C =

+iy (16) . 2 z i i
=|e ¥ =cosytisiny |=—2"4+e"'e"—e"e"+(C =

ef—e ”

— 4L (O = -2+ 2 +C=—-2"+2shz+C.

OTmxe, BigHoBNeHa PK3 w = f(z) AaeTbcs opmyrnoto:
w= f(z)=—2"+2shz+C.
4. 3Hangemo KoHcTaHTy C', BUKOPUCTOBYIOYM YMOBY f(z,) = f(0) =i.
f0)=i=2sh0+C = C=i.
OTXe, oCcTaTo4yHO
w=f(z)=—2"+2shz+i. (2.17)
2 — 1 cnoci6. 1. Ockinbkn Byno nokasaHo, Wo w = f(z) — aHaniTn4yHa

doyHKUiS, 3a doopmysioto (2.11) 3Hangemo ii NoxigHy:

, ov ov
w = f(z)=—+1i—=2(chzcosy —z)+ i2(shzsiny —y) =
dy o

= —2(z+1iy)+ 2(chxzcosy +ishzsiny) = —2z+ (e"+ e “)cosy +
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+i(e"—e ")siny = —2z + e“(cosy +isiny) + e “(cosy —isiny) =
=—2z+(e""+e ") = -2z +2chz
w' = f'(z) = —22z+2chz. (2.18)

2. Buxogaum 3 iHBapiaHTHOCTI Tabnuuyi noxigHux Ta iHTerpanis, 3 Bupasy

(2.18) dpopmanbHUM iHTErpyBaHHAM MO 3MiHHIN 2z 3HaNOEMO:
w= f(z)= ff’(z)dz = f(—2z+ 2chz)dz = —2* +2shz+C.
3. 3Hanpgemo koHcTaHTy C'. Ockinbkn f(0)=¢ = C =1i.0Txe

w= f(z)=—2"+2shz+1,
Lo 36iraeTbCs i3 3HangeHUM paHiwe Bupasom (2.17).
BignosBigb: w=f(z)=—2"+2shz+i.

3. IHTErPAN Bl ®K3

3.1. KpuBoniHinHum iHTerpan Big ®K3

Hexan Ha KOMMNSIEKCHIN z — MMOLWMHI 3a4aHO KpuUBY

“ (L) 3KiHUEBUMM Toukamn A, B Ta DK3 f(z), BU3HAYEHY

Ha uin ayai.
) MogpibHmmo ayry (L) Ha N YaCTUHHUX ayr
» (2,,;2,), k=1;n (NOeAHaBLUN TOUKY z, 3 A, a TOUKY z,
X
Puc. 3.1 — 3 B), fIK Noka3aHO Ha pUCyHKY 3.1. Ha KOXHin 3 uux

Ayr AOBINbHUM YNHOM BUBEpPEMO TOUKy &, € (z, ,;2,). [Mo3Haunmo
2, — 2, =0z, A= max | Az, |, k=1;n.

O3Ha4yeHHA. KpuBoniHinHuMm iHTerpanom Big ®K3 f(z) no kpusin (L)
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Ha3nBa€TbCA BeJidNHaA, HAKa TMNMOo3Ha4Ya€eTbCA CUMBOJIOM ff(z)dz Ta
(L)

BBOANTbLCA 3a POPMYJSIOHD
if 1.
[ f@d=Z1m> " f(g) Az (3.1)
(L) k=1
npu YMOBi, WO TrpaHWU4YHe 3Ha4yeHHs IiCHye (He3anexHO Big crnocoby

noapibHeHHs kpmBoi (L) Ta BMBOPY TOYOK &, € (2, ,;2,))-

Akwo kpmBa (L) € KOHTYpoM (TOBTO 3aMKHEHOK KpuBOo 6e3 TO4OK
camonepeTuHy), skuin obxoauTbCa B OOAATHOMY HanNpsIMKy — Tak, LWo

BHYTpPIWHA obnactb, obMexeHa Uieto KPpMBOID, 3amnuviaeTbCsa niBopyd, — TO

iHTerpan no3Ha4YaeTbCs CUMBOJIOM ggf(z)dz i Ha3MBaETbCS KOHTYPHUM
(L)

iHTerparnom.

Teopema 3.1. [JocTaTHbOK O3HAKOK IiCHYBaHHS iHTerpana (3.1) €
HenepepsHicTb PK3 f(z) Ha kpusin (L).

O64ncneHHs KpuBorniHinHoro iHTerpana (3.1) MoXxHa 3BecTu A0 O064YUCNeHHs

KPUBOSMIHINHUX iHTEerpanis Big OINCHUX (PYHKLUIXN 3a POpMYynor

ff(z)dz = fu(a:,y) dr —v(z,y) dy + z'fv(a:,y) dz +u(z,y) dy. (3.2)
(L) (L) (L)

KpusoniHinHuin iHTerpan Big ®K3 mMoxHa Takox obumcnoBaTh 3a opMyrior
by

ff(z)dz = ff(z(t))z'(t) dt, (3.3)
(L) t

ae z = z(t) napameTpuyHe piBHSAHHA KpwBol (L), ¢ i t, — 3Ha4YeHHsd

napameTpa ¢ B Toukax A Ta B kpuBoi (L).
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Bnacmueocmi iHmeepana eid ®K3
1. ff(z)dz :—f fdz.
(BA) (AB)

[Mpwn 3MiHI HaNpPsAMKY 06xoay KpMBOIT iHTerpan 3aMiHIOE 3HaK Ha NPOTUNEXHUN.

2. f f(z)dz:ff(z)dz+ff(z)dz.

(L1 +Ly) (L) (L)

3. | [k @+ kf,(»]dz = klfﬁ(z)dz +k2ff2(z)dz (k, k, = const).
(L) (L) (L)

4, |ff(z)dz|§f|f(z)|dz.
(L) (L)

KonmypHi inmeepanu eid aHanimu4yHux ®K3

07151 0OHO38' AI3HUX ma 6a2amo38’ A3HuUx obsiacmeli

O3HavyeHHs. [leska obrnactb D  komnnekcHol
NAOWMHN Ha3MBAETLCHA OAHO3B’'SI3HO, HAKLLO BOHA
obmexeHa TiNbkM OAHUM 3aMKHEHUM KOHTYPOM.
ObnacTb, ka He € OQHO3B’A3HON, Ha3MBaETbCA
B©araTo3B’sI3HOI0.

Teopema 3.2. (IHmeepanbHa meopema Kowi 0ns

00HO36's3HOI  obnacmi). Akwo K3  fiz) €

aHaniTM4YHoK B OOHO3B'A3HIN obnacTti D, TO AnAa

KOXHOTO 3aMKHEHOro koHTypa (L), wWwo He

BUXOAUTb 3a MeXi uiel obnacTi, Mae Micue piBHICTb:

§ f@dz=0. (3.4)
(L)

Teopema 3.3. Axwo OK3 f(2) € aHaniTM4YHOO B OAHO3B’A3HIN obnacTi D, To

1) B Ui obnacTi BoHa Ma€ 3a NepBiCHY (PyHKLiO
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z

Q)(z)sz(z)dz (FP' ) = f), (3.5)

20
ne depes P(z) NO3HaAYeHO iHTerpasn no OOBINbHIN KPUBIN, WO 3'€OHYE

TOYKM 2, z, € D i HE BUXOAUTb 3a Mexi obnacTi D;

2) B Ui obnacTi € cnpaseanueoto popmyna HetoToHa-J1enbHius:
ff(z)dz = F(z,)— F(z), (3.6)

ne F(z) —opHa 3 nepBiCHUX PyHKUIT f(2).
Teopema 3.4. (IHmeepanbHa meopema Kowi 0ns 6azamo3sg’sisHoi obriacmi).

Akwo OK3 f(2) € aHaniTMYHOK B 3aMKHEHIN BbaraTto3s’sasHin obnacTti D, Wwo

obmexeHa 30BHILLHIM KOHTYpOM (L) Ta BHYTPiWHIMK KOHTYpamun (L,),...,(L,)

(puc. 3.2), i XoaHi ABa 3 KOHTYpPIB He NepeTUHaKTbLCA, TO Mae MicLe PIBHICTb

n

Fred:=3 § fedz. (3.7)
(L)

F=1(L)
KoHnmypHi inmezpanu eid ®K3 3 izonboeaHumMu ocobsiueumMu movyKkamu

O3HayeHHA. Toyka z,= oo Ha3MBAETLCH i30/1bOBAHOK OCOBIIMBOK TOYKOHO
K3 f (2), AKWO U PYHKUIA € ANDEPEHLIMOBHOK B OEAKOMY OKOMi TOYKN z,
OKpiM camMoi ToukM 2z, (B uboMmy Bunagky 3Jf'(z) B [Oeskomy Kinbui
0<|z—2z|<p,ane 3 (,He icHye”) f'(z,)).

O3HauyeHHA. [30mboBaHa ocobnuBa TOYKa 2z, HA3MBAETLCA YCYBHOM

ocobnmBoto Touko OK3 f (2), AKLWLO ICHYE CKiHYeHHa rpaHmua lim f(2).

22

O3HauyeHHA. [3omboBaHa ocobnvBa To4ka z, HaA3WBAETLCA MOMOCOM m -0

nopagky ansa ®K3 f(2), AKWO B eAKOMY OKOMi TOYKM z, L0 OYHKLiO MOXHa
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nogaTtu y Burmsagi
q(z)

ae g(z) — aHanitnyHa ®K3 B Touui z,.

f = (m € N) (3.8)

O3HauyeHHA. [3onboBaHa ocobnvBa TOYKa 2z, Ha3MBaAETbCHA CYTTEBO

ocobnmBoto Toukow PK3 f(2), AKLO rpaHUYHOrO 3Ha4YeHHa lim f(z) He iCHye

Z—2

(Hi CKiH4eHOro, Hi HECKIHYEHHOTrO).

3ayBaxeHHs 3.1. [losegiHka ®PK3 f(2) B TouduUi 2z, =00 BU3HAYAETHCH
noBeaiHkow B Touli & = 0 ®K3 ¢ (&) = f(¢7).
MatoTb MicLie TBEPAXKEHHS:
1) PK3 f(z) € aHaniTmyHol B TOoYUi 2z, = oo, fAKwo PK3 (&) €
aHaniTnyHoto B Touui &, = 0;
2) TOYKa z, = 00 € YCYBHOI OCOBMNBOIO TOYKOIO, MOMOCOM m -FO MOPAAKY

abo cyTTeBO 0COBMMBOIO TOYKOK B 3aneXHOCTI Big Toro, 4n 6yae Touka

¢, = 0 yCyBHOIO OCOOIIMBOK TOYKOI, MOMOCOM m-ro nopsagky abo

cyTTEBO 0COBNnMBOI TouKo Anst PK3 ¢ (¢).

Mpuknag 3.1. Toyka z =2 € ycyBHOW o0cobnMBOK To4kow Ansa PK3

2
2°—3z+2 : . .
f(z)=—2, 60 dyHKUIA € OndepeHUiNOBHOK B OKOMi TOYKU z = 2
Z p—
OKpiM CaMOI L€l TOYKN Ta ICHYE CKIHYEeHHa rpaHuLA

2> —3242 (z—l)M

lim —————— = lim =lim (z —1)=1.

2—2 z—9 z2—2 )Z/f z—2
Mpuknap 3.2. K3 f(2) =

€ ANdEepPEHLINOBHOIO B OKOSi TOYOK

z
(z—1)(z+3)
z, =1 Ta z,=-—3 OKpIM camMux UWUX TOYOK, OTXe obuasi Ui TOYKM €

i30N1bOBaHUMU OCODNUBUMMN.

Touka 2z, € nonwcoMm 1-ro nopagky, 60 yHKUIlO MOXHa nopgatu 3a
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dopmynoto (3.8) y Bumagi  f(z) = M, ae OK3 gk = - €
z—1 (z+3)
aHaniTM4YHOIO B OKOSi TOYKN 2.

Touka z, € nonocom 2-ro nopsaky, 60 PyHKUII0 f(z) MOXHa nogaTu Takox y

q(2) z
9D e OK3 g(z) =
z+ap P 99 ="

BUMNAAI f(2) =

, € aHanITUYHOK B OKOJIi TOYKN
Zy -

Mpuknap 3.3. Toyka z = 0 € cyTTeBo ocobnueoto ana ®K3 f(z)=cos 2t 5,
Z

60 PyHKUis € AndrepeHUiMOBHOK B OKOMi TOYKM z = 0 OKpiM camol L€l TOYKM

.. z =
i lim cos = cosoo = .

z—0 z

Mpuknag 3.4. Touka z=o00 € noncom 1-ro nopagky ana K3

2
f(z)=L22+2, 60 nicnsa 3amiHM z = &' UA PYHKUIA NepeTBOPIETLCH Y
Z p—
2
®K3B (&) = ! (13_5;2)2; , Ika Mae B TouLi £ = 0 nontoc 1-ro nopsaky.

Teopema 3.5. ([lpo iHmeepanbHy ¢opmyny Kowi). Axwo PK3 gz €

aHaniTM4YHOK B 3aMKHeHin obnacti D 3 mexeBuMM KOHTypoMm (L), To Ans

KOXXHOI BHYTPILLIHLOI TOYKM 2, Ui€i obnacTti Mae micue iHTerpanbHa dopmyna
Kowwui:

q(z)

zZ— 2,

dz =27mig(z,). (3.9)
(L)

Teopema 3.6. ([Ipo HecKiH4YeHHY OughepeHUuitiosHicmb aHanimu4Hoi ®K3).

Akwo OK3 ¢g(z) € aHaniTM4HOK B 3aMKHeHin obnacti D 3 mexeBum

KOHTYPOM (L), TO Yy KOXHIW BHYTPIWHIN TOYKM 2z,€ D uUA QYHKUIA €

HEeCKIH4eHHO andepeHLINOBHO | CNPaBaXYETLCA PIBHICTD:

(m-1)
EﬁL)mdz Comi () ey (3.10)
7 (2 — %) (m—1)!
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®opmynn (3.9), (3.10) 3py4yHO 3acTocoByBaTU NS OOUYNCNEHHS KOHTYPHUX

iHTerpanis Big aHaniTnYHnx ®K3 3 i30NboBaHMMKU OCOBMBMMU TOUYKaAMMW.

3.2. MeToauka po3B’sisyBaHHA 3aBAaHHsA Ne3

3aBpaHHA 3.1. O6buncnutuy iHTerpan [ = fzIm Z’dz, aKwo kpwea (L):
(L)

a) pagiyc—Bektop Toukum 1-+2i; 6) 4yactMHa Kona 4

|z]=1, (-7 <argz <0).

Po3B’'sizaHHsA. a) Pagiyc—Bektop OA TOYKM A MICTUTbLCS

Ha npamin y = 2z (puc. 3.3). 3anuwemMo napamMeTpuyHe

PIBHAHHSA Bigpi3ka OA:

T =t, 1 ;C
(OA) : _— 0<t<1. Puc. 3.3

Ockinbkn z = x + iy, TO KOMMMEKCHe napamMeTpuyHe piBHAHHA (L) Oyae
MaTtu BUINSA: (L): z=z20t)=t+2ti=(1+2i)t, 0<t<LI.

2= (1+2it =1+ 4i— 4 = (=3 + 4i)t?,
Imz* =4t*, dz=(1+2i)dt, 0<t<1

Topni f 2Im 2°dz 23
(L)

1 1
- f(1+22')t-4t2 (1 +2i)dt == 4(1+22’)2ft3dt = (=3 +4i)t"| = —3+4i
0

0

6) 3anuwemMo napameTpuyHe piBHAHHSA kona |z |=1, (—7 <argz < 0) (pwc.

3.4):

y A
T = cost, 1 >
(L) {ysint, —r<t<0 x
Lo A
OcKinbkn z = x + iy, TO KOMMNSIEKCHE NapaMeTpu4He
Puc. 3.4

PIBHAHHA KpuBOi (L) Byae matu Burnsag;
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(L):z=2(t) =cost+isint, —7 <t <0.

dz = (—sint + icost)dt = i(cost + isint)dt

1.12

(L) 2> = (cost +isint)’ "2 cos 2t + isin 2t, Im2* = sin 2t
0 0
= f(cost +isint)-sin2t-i(cost + isint)dt = z'f(cost +isint)’ - sin2tdt =
0 Z 0 0
=1 L/; (cos2t + isin 2t) - sin 2tdt 5 J; sin 4tdt J; sin” 2tdt

. 0 . 0
i 0 1 i 1[ 1 . ]

= ——cosdtl| —— | (1—=cosdt)dt = ——(1—1)——|t ——sin4t
geosdl’ =2 [ s

—T

™

BignoBigb: a) [ = —3 +4i; 6) I = g

3aBgaHHsa 3.2. O6uncnutu iHTerpan I = f(,z3 —z)e%ZQ dz pe (L)— npsima,
(z)

IO 3'€AHYE TOYKU 2z, =1+, 2, = 24.

1.2
PosB’sisaHHsA. Ockinbkn nigiHTerpanbHa  dyHkuia  f(z) = (2° —2)e* —
aHaniTMyHa Ha BCI KOMMJIEKCHIN MMNOLWUWHI, TO 3HA4YeHHsA IHTerpana He

3anexvtb Big ¢OpMU KpWUBOI, AKa 3'€QHYE TOYKN 2z, =144, 2z, = 2i.

BukopuctoBytoun dopmyny (3.5) Ta opmyny iHTerpyBaHHA 4YacTUHaMW,

OTPUMAEMO
1 2 2
t=—2", dt = zdz, 2~ =2t
2i ) 2i L 2
:f(z3—z)ezzdz:f(zQ—l)zeQZdz: 211+ 2 =
1+ 1+
t 7 -2
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w=2t—1 du=2dt, dv=c¢edt,

9
:L[(Qt—l)etdt: v=e¢, 7udv:uv ZQ—Zfzvdu -

2
21 2

—2
=@ -1)e|  —2[ e dt =2t —1)e| T —2e| T = —Te?+ (3-2i)e".

i

BignoBigb: [ = —7e 4+ (3—2i)¢
ch?2z

3aBpgaHHA 3.3. Obuncnmtn iHterpan [ = ¢ ————
A P 2 (2" +4)

(L)

dz, ge (L): |z+1i|=2.

Po3B’sAi3aHHA. 1. 3pobumo pucyHok kpmeoi (L). |z +i|=2 — kono pagiyca
R =2 3 UeHTpOM B TouLi 2, = —i.

2. Jocnignmo ocobnumei ToYkM nigiHTerpanbHol pyHKUil. BcepeanHi KoHTypa

ch2z
(L) ®KB f(2) = 55— Mae ABi 0cobnMBI TOUKMU:
2°(z" 4+ 4)
z, =0 Ta z, = —2¢ caMe B LMX TOYKax PYyHKLIA €
HEBM3HAYEHOW, OTXe | HeaudepeHUinoBaHolto,

HeaHarniTM4HO). 3riAHO 3 O3HAYEHHAM TOYKU 2, Ta
z, € nomcaMn BIAMOBIOHO Apyroro Ta nepLuoro

nopsaakis. Nobyagyemo fBa kona

1 1
L):lzl=5 T ()i |zl

, , 1
3 UeHTpaMun B TOHKax z;, Ta z, | paglyCoM r = 5:

3. PosrnaHemo 6arato3p’sisHy obnacte D, WO obOmexeHa 30BHILLHIM

KOHTYpOM (L) Ta BHYTpiWHIMKW KOHTypamu (L,) Ta (L,) (puc. 3.5). 3a

Teopemoto Kowi ans 6arato3e’sa3Hol obnacTi (Teopema 3.3)

»(ﬁf(z)dz = »(ﬁf(z)dz+ »(ﬁf(z)dz (3.11)
(L) (Ly) (L)
4. Tpw iHTerpyBaHHi no KpuBin (L) dyHKUilO f(z) nogamo y BUrNAAi
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g, (2) ch2z , :
, Ae g, () = —; n € aHaniTu4Hoto ®K3 B obnacTti D, 3 mexeto
V

f =

22
(L,). 3actocoBytoum Teopemy 3.5 npu z, = z, = 0, m = 2, 3Hangemo

/

9, () dz ch 2z
9§f(z)dz:§ 1 —dz =2mi-g/(2) =2mi-|— =
(1) AN 7" +4 »

2(2> 4+ 4) sh2z — 2zch 2z
=211 =0.

(22 4 4)2

z=0

MNpu iHTerpyBaHHi no Kpuein (L,) dyHKUilO f(2) nogamo Yy BurMsagi

9, (2) ch2z : .
f=-2"—, pe g,(») =————— € aHanituyHoo ®K3 B obnacti D, 3
2421 2°(z —21)
mexeto (L, ). 3acTtocoBytouun Teopemy 3.4 npu z, = z, = —2i , MATUMEMO
g, () dz ch2z
§f(z)dz = 95‘ - —dz =2mi- g,(2,) = 20 - |—5——— =
(L) 1) 221 slE=20) )
ch (—41
= 27 - — ) :‘ch(z’z):cosz‘zzcosél.
(—20)" (—44) 8

KiHueBui pesynbtaT oTpuMaemo 3a popmynoto (3.11):

»Cﬁf(z)dz = fﬁf(Z)dz + Eﬁ f(z)dz = %COSZL.
(L) (L) (L)

Bignosigb: [ = %0084.

_ sin mz 1
3aBpaHHa 3.4. OBuncnuTK iHTerpan [ = §—4dz, ne (L): a) |z|=—;
o0 (2 +1) 2
6) |z—1]=3.
o _ sin 7z _
Po3B’sAi3aHHA. a) [MigiHTerpanbHa dyHKUia — f(z) = il € aHaniTU4Holo
z

SIK Y BHYTPILLHIX TOYKax obnacTi, TaK i Ha 1I KoHTYpi (L): |z |= % (puc. 3.4).
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Tomy 3a Teopemorw Kowi [na oOOHO3B'A3HOI 0ONacTi

(L)
(Teopema 3.1) mae micue piBHicTb (3.4). OTxe Y [
SIN 7Tz ‘h
fﬁ Tdz=0. ‘v X
o0 (2 +1)
Puc. 3.4

6) Mobyayemo koHTYp (L) (puc. 3.5). 3 piBHAHHS
| z—1]= 3 BM3HaAYaeMO, WO Y NMOLWMHI 2z BiH € KOSIOM

pagiyca R = 3 3 UeHTpoM y Touuli 2, = 1.

sin mz
BcepeanHi koHTypy (L) PK3 f(2) = ——5 Ma€ TiNbku
(z+1)
OAHY  ocobnuBy  TOYKY z = —1 (nomc 4eTBepToro Puc. 3.5

NopsAaKY).
OckKinbKkn BUKOHYHOTbLCA BCi yMoBU Teopemu 3.5, To 3a copmynoto (3.10) npu

g(z) =sinmz, z,=—1, m =4 3Hangemo:

(3)
I= fﬁ 9(2) - dz =2mi- g () _ 2mi - (sin7z)®
0 (2 +1) 3!

= 27i - (—7° cos 2)

z=—1

4.
=27 1.

2=—

Bignosigb: a) I =0; 6) I =2n".

4. PO3KINAOAHHA ®K3 Y CTENEHEBI PAOU. JIULLKWU

4.1 PosknageHHs ®K3 y paau Tennopa ta JlopaHa

3a neBHuMx ymoB ®OK3 f(2) MOXHa posknagaTu B pag No CTEneHsX
2 — %, CTOCOBHO (PIKCOBaHOI TOYKU z,,.

Teopema 4.1. Axwo ®PK3 f(z) € aHaniTnyHow B Kpy3i D, : |z —z,|< R, TO B

LbOMY KpY3i 1T MOXXHa po3KracTtu B pag Teunnopa:
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f) = icn (z—2,)",

n=0

f
e o= e e =012
<Lﬂ)

(L,)— Gyab-Ake Kono | z — z, = p, 0<p <R
Teopema 4.2. Akwo OK3 f(z) € aHaniTMuHoO B KinbLi K, ,: 7 <|z — 2, |< R,

TO B UbOMY KinbLi Tl MOXXHa po3kracTtu B pag JlopaHa:

o0

fer= ) clz—2)", (4.2)

n=—oo

f

)7L+1

ne (n=0,+1, +£2,..),
(L,,) Z—ZO

(L,)— 6yAb-Ake KOMno |z —z, |=p, r<p<A.

3ayBaxeHHs1 4.1. Pag JlopaHa cnpunmMaeTtbes ,

»

: y
SK CymMa ABOX psfiB 3a OpMynolo:

o) —1

Sez—z) 2L Y e (z—z)+

n=—o0 n=—oo

o0

ch(z —2,)",

n=0

ae nepwun pag (LWO MICTUTb TiNbKU Bif'€MHI

v

cTeneHi z—2z,) Ha3NBaETbCS [OMOBHOW, a Puc. 4.1

Apyrnn (Lo MICTUTb iHLWI CTeneHi) — NpaBuUibHOK YacTuHO psay JlopaHa.

[onoBHa 4acTuHa psay JlopaHa 36iraetbca B obnacTi | z — z, [> r, npaBunbHa
— B Kpysi D,:|z—2,|<R, pe r Ta R — BiagcTaHi Big TOYKM z, OO
BHYTPILWHbOI Ta 30BHIWHLOI MeXi Kinbua K, , (Ui Mexi npoxoasTb 4epes
ocobnumii Toukn OK3 f(2)).

3ayBaxeHH1 4.2. [lpyM po3KnNageHHsX y CTeneHeBi psaan  3pyyvHO

3aCcToCcOoBYBaTU BXe HaBefeHi popmMynu (2.2) — (2.9) Ta cniBBigHOLLEHHS:
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1 0]
——=> 1, (Jt|<1),

1— -
— =S, (< ).
T ;/_1:( ) (It[<1)

4.2 Psapu JlopaHa B oKosli 0COOGNMBOI TOUYKMU

O3HaueHHs. Pagom JlopaHa gna ®K3 f(z) B okoni i3onboBaHOI 0CoBnuMBOI
TOYKU 2, HA3MBAETLCA PO3KMNaAEHHS L€l PyHKLUIl B pag NMo CTeneHax z — z, B
AesikomMy KinbLi 0 < |z — z,| < R.

Ans  posnisHaBaHHA ocobnmBmx TO4YOK ODK3 3acToCOBYHTBCA HACTYIHI
Teopemu.

Teopema 4.3. [3onboBaHa ocobnveBa To4yka z, € YCYBHOK OCOONMBOIO
Touko PK3 f(z) TOAi i NMwe ToAi, KONM B OKOMI LIEI TOYKM PO3KIageHHS B

psag  JlopaHa He MICTUTb rONOBHOI 4YacTuHW, To6TO Mae Burnag

f=> ¢ (2—2) (Mpn LBOMY rOMOBHA YacTMHA PO3KNAJEHHS 30BCIM
n=0

BiaCyTH4, J lim f(2) = ¢, = o0).

2%

Teopema 4.4. I3onboBaHa ocobnuea To4ka z, € MOMOCOM m-TO MOPSAKY
ans ©K3 f(z) Toai i nuwe ToAai, KoNu B OKOSI LIiET TOYKN pO3KNageHHS B psia

JlopaHa mae surnag

o0

C Cc C
f(Z) - — m + _m+1m_ + + = + Cn(z -z )“ (C—m = 0)
(z—2)"  (z—2)"" Z—2 Zo ’

(ronoBHa YacTuHa PO3KadeHHs MICTUTb CKIHYEHHY KifbKiCTb Oo4aHKIiB, npwu

k=0;m—1 maemo lim f(2)(z — z,)" = o , ane

2%

3 limf)(z—2,)" =c_

Z—2

Z 00 ).

m

Teopema 4.5. I3onboBaHa 0cobnmBa Touka z, € CYyTTEBO OCOBINMBOK TOUKOMO
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®K3 f(2) TOAI I Nuwe Toai, KON B OKOSMi L€l TOYKM FOfIOBHA 4acTuHa

po3knageHHa B psg JlopaHa MICTUTb HECKIHYEHHY KinbKiCTb OoAaHKiB (3

BiA'EMHUMU CTEMEHSAMM z — Z,).

4.1 JIvwku Ta iX 00uYUCIIeHHSA

O3HauyeHHA. Jlnwkom ®PK3 f(z) B i3onboBaHiN 0COBNUBIN TOuLi 2, = 0O

Ha3nBa€eTbCA BENUYMHA, WO NO3HAYaETbCsl CMMBOMOM Res f(z) Ta BBOAMTLCSA

2=29

3a PIBHICTIO

Res f(z2) :L.ff(z)dz, (4.3)

™)
ne (L)— 6yab-ake komo [z—z,=p (p>0), B cepeaunHi sikoro Hema

IHLLUMX OCOBNNBMX TOHOK OKPIM TOYKU Z;,.
O3HayeHHA. Jlnwok OK3 f(z) B i30MnboBaHin ocobnuBin Touui z = oo
BBOAUTBLCS 3a PIBHICTIO
1
Res f(z) = —fff(z)dz,
z=00 271 i
P

ne (L,)— 6yob-ske kono |z—z [=p (p>0), 330BHI SKOr0 HeEMa iHLINX

0COBNNBMX TOYOK OKPIM TOYKUN 2 = o0

Teopema 4.6. Axwo PK3 f(z) € aHaniTU4YHOK BCOOM 3@ BUKMIOYEHHSM

CKiIHYEHOI KinlbKOCTi 0COBIMBUX TOYOK z,, 2,,...,2, Ta 2 = 00, TO

E{:(?ch f(z) = —zk: Res f (2)

2=z
n=1 k

O64ucneHHs1 TUWKie 3a po3knadeHHsIMU 8 cmerneHeeai psidu

Nnwok y ocobnuBin Touui z, = oo MOXHa 3HaxXoAnUTU 3a POPMYIIO
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Res f(2) = c_,, (4.4)

ne c_, — KoeiuieHT npu cTeneHi (z —z,)' psagy JlopaHa ans ®K3 f(z) B
OKOMi TOYKN z,.
JTnwok y ocobnumein Touui z = oo MOXHa 3HaxoauTun 3a hopmMynoto
RPS f(z) = —c |,
e ¢, — KoedilieHT npu cteneHi z ' pagy JlopaHa ana ®K3 f(z) B okoni

HECKIHYEeHHO BiaaaneHol TOYKN.
O64ucieHHs1 TuwKie 3a A0MNOMO20K0 2paHUyb ma NMoxioHux

|. Tlpn obymncneHHi nuKa B i30MbOBaHI 0CODMNMBIA TOYUi 2z, = 0O

MO>XHa BXMBaTU Taki popmynu:

1) (z, — ycyBHa ocobrimBa TOuYKa)

Resf(z) = 0; (4.5)
2) (z, — nontoc 1-ro nopsaKy)
Res f(z) = lim f () (2 — 2,) (4.6)
p(2) /
aBo (y sunapy, komw ) =55, () =0, ¥/(2) =0, ¢lz) = 0)
z
Res f(z)= 22 . 4.7)
T w (Z) 2=z
3) (2, — nomnoc m-ro NOPsAKY)
Res f(2) = — - 1im & F(—2)"] (4.8)
R T T ) |

m

[I. Mpn obumcneHHi nuuwka B i30MbOBaHIN 0COBNMBIM ToYLi 2z = 0o

MOXHa (OMB. 3ayBaxeHHs 3.1) BBecTU dyHKUilo (&)= f(¢') Ta

ckopuctaTucb hopmMmynamum:
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1) (2 = o0 —ycyBHa ocobnuea Touka)  Res f(z) = 90/(6)‘

2) (z = oco—nontc m-ro NOpsaKy)

1 dm+1
lim -
(m + 1)| €550 dgm-i—

Res f(2) = - (e)€"].

m

4.4. MeToauka po3B’'sisyBaHHA 3aBaaHHA Ne4d

3aBaaHHA 4.1. 3HanTM BCi TIOpaHOBCBKI po3knaau 3a cteneHsammn z OK3

z+8

z) = — )
f() 24— 522 + 4z

£=0

Po3B’'szaHHA. Ockinbkn yHKUiA f(z)Mae Tpu ocobnuei Toudku  (Hyni

3HaMeHHUKa, TOOTO TOYKM z2=0, z=1,

2=4), TO I posKnajeHHs cria wykaTv R

OKPEeMO B KOXHili 3 TpbOX obnacTeii

D ={z: 0<z|<1}; )

D,={z: 1< z|<4}; .’

D,={z: 4<|z< o0}

3a ymoBamMu 3aBOaHHA B KOXHiM 3 UMX

obnacTen po3knagaHHa MaTMMe BUrNsa

@)= e

n=—oo

(4.9

=V

OpHak y KOXHiM 3 unx obnacten 6yayTb pi3Hi 3HAYeHHSA KoediuieHTiB ¢, i,

BianoBiaHO, pi3Hi obnacTi 36ikHOCTI. [Ansa cnpolweHHs noganbwoi poboTu

nogamo ®K3 f(z) sk cymy enemeHtapHux apobis

z+8 A B C
f) = =—+ + =
2(z=1)(z—4) 2z 2z—-1 2z—-4
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A(z—1)(z—4)+ Bz(z—4)+ Cz(z —1)
z(z—=1)(z—4) '

Hesigomi A, B, C 3Hangemo 3a METOAOM OKPEMUX 3HAYEHDb 3 PIBHSHHS:
24+8=A(z—1)(z—4)+ Bz(z —4)+ Cz(2 —1)
z2=0: 8=4A4A = A=2
z=1: 9=-3B = B=-3
z=4: 12=12C = (C=1.

Hapani posknageHHsa yHKUiT f(z) WykaTUMEMO SIK po3KriagaHHSA CyMu

f(2) = fi(2) + £(2) + fi(2), (4.10)

ne =2 h&) =0 K =—

[Mepwmnn goaaHok uiel cymun npu Vz = 0 BXe € OOHMM 3 YreHiB po3KnageHHs
(4.9) (npn n = —1,¢, = ¢, = —2) i HIFKNX NepeTBOpPeHb He noTpebye. [dpyruin
| TpeTin [oJaHKM Uiel cymMuM nNpuBOAATbCA [0 NOTpibHoro Burnsay
po3KrageHb Mo creneHax z 3a copmynamum (4.2). Bpaxosyoun ocobnmnBocTi

obnacten D, ¢=1,2,3, po3rnsHeMo Tpu BUMNaaKN.

1-n BunapokK. Hexan z € D,. 3ayBaxumo, LLO B OKOMi 3a4aHoi TOYKM 2z, = 0
psa JlopaHa € cTeneHeBUM psiAOM Mo cTeneHsix z — 0. Tomy pyHKkuia f(z) y

dopmyni (4.10) BXe € OOAHMM 3 4neHiB WykaHoro pagy (BignosigHuUm O

cteneHs (z —0)'). 3Haiigemo BCi iHWI YneHn psay NopaHa. Mogamo doyHKuii

5 (2) Ta f,(z) y Burnagi

='3> 2", |z|<1 (4.11)

5:—12[5], lz<4. (4.12)
4 414 (4

Ob6nactb 30ixHOCTI psaagy (4.11) BM3HA4YaeTbCs HEPIBHICTIO| z |[< 1 — paa

3biraeTbCcsl BcepeaunHi kpyra pagiyca R =1 3 UeHTpoM y Touli z = 0.
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O6nactb 36ikHOCTI psagy (4.12) BM3HAYaETbCS HEpPIBHICTIO |z |<4 — psag
30iraeTbCcsl BCepeaunHi Kpyra pagiyca R = 4 3 4eHTpoMm y Touui z = 0.
Omxke V ze€ D, posknageHHs yHKuUii f(z) B psaa JlopaHa mae surnsag

[ = —+3Z ”——Z[ ]

n=1 n=1

2-n Bunapok. Hexan z € D,. Ockinbku dyHKUis f(z) y doopmyni (4.10) Bxe €
OOHWM 3 YMfeHiB LWyKkaHoro psgy, a ana  yHkuii f,(z) B obnacti D,
cnpasennuee posknageHHs (4.12), 3HanaeMo posknageHHs yHKuii f(z)

L

z n=1 z

-3 3 (4.2)

fl) == = - = .
-

z

t = <1. (4.13)

z

z—1 o
z

O6nactb 36ikHOCTI psagy (4.13) BM3HAYaeTbCs HepIiBHICTIO |z |[>1 — psag

30iraeTbCs 330BHiI Kpyra pagiyca R =1 3 ueHTpoM Yy Touui z = 0.
Omxke V ze€ D, posknageHHsa pyHkuii f(z) B pag JlopaHa mae surnag
2 33X (1) 1 (z)
() ==+~ —| —= = .

3-n Bunagok. Hexan z € D,. Ockinbkv ana  dyHkuii f,(z) B obnacti D,

cnpasennuee poskrageHHs (4.13), 3Hanaemo posknageHHss dyHKUIT f(z2)

I

2 n=1 <

111, (@14

z

Ob6nacTtb 36ixHOCTI psgy (4.14) BM3HAYaAETLCA HEPIBHICTIO |z [> 4— psag
30iraeTbCs 330BHI Kpyra pagiyca R = 4 3 ueHTpoM Yy Touui z = 0.

Omke V ze€ D, posknageHHs yHKUii f(z) B psaa JlopaHa mae surnag

f) = —+3 Y [ ] %i[

Z n=1

n

BignoBigb: f(2) = —+322 —lz [i] V ze D

H~

n=1

41



2 300 1n 100 Zn
(2) =—+— — — , V zeD,;
/ 2z z;[z] 4;[4] ’
2 300 1n 100 4n
(2) =—+— —| —= ) V z€D,.
ro=238 ([ 2 s

z

3aBgaHHa 4.2. OK3 f(z) = ze3~ posknacTu B pap JlopaHa B OKOMi TOYKM

2y = 3.
Po3B’'sizaHHA. [Togamo OK3 y Burnsaai
Z _(2-3)+3
f(z)=ze** =(2—3+3)e 3 =
3 3 =3 =3
=(z—-3)e *4+3e 3 =e'[(z—3)e?+3e"?] (4.15)
CkopucTtaemocs po3knagom (2.2), 3aMiHMBLUK z Ha . OTpnmaemo
z J—
=3 2 _1\nqn 00 _ 1\nantl
303 —3[1—— 2> 4 3 2—...+—( b3 - :Z—( 1)'3
1(z—3) 2l(z—3) nl(z —3)" = nl(z—3)"
-3
9 o0 ( 1)n3n [e’e) 3n
z—3)e" 3 =(z—3
( ) ( )z; n '(Z . ; n' n 1°

[MigcTaBuBLIM OTpMMaHI po3dknaan B doopmyny (4.15), oTpumaemo

4 i (— 1)”3” i ”3’”r1

n=0 /n"(z_ =0 N

-3 -3

(z—3)er 3+ 3e | =¢

flz)=e"

Lle po3knageHHs MICTUTb HECKIHYEHHE YMCIIO YSIEHIB B rONOBHIN YacTuHI paay
i cnpaBeanuee B KinbLUi 0 <| 2z — 3 [< oo.

o0 n 3n+1

BianoBiab: f(z)=e¢'|> n'((zl) 5 Z 0<z-3|<o0.
n=0 _ =0 n
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5. ACTOCYBAHHA JIUWKIB NMPU OBYUCIIEHHI IHTEIPAIIB
5.1 3acTtocyBaHHS JFIULLKIB NPpU OO64YUCNEHHi iHTerpanis
O64ucneHHs1 KOHMYPHUX iHMezpariie

Teopema 5.1. (OcHosHa meopema npo nuwku). Akwo PK3 f(z) €
aHaniTu4Ho B obnacti D i Ha ii KOHTYpi (L) 3a BMKIOYEHHAM CKiHYEeHOI

KINbKOCTI BHYTPILLHIX TOYOK 2,,2,,...,2,, TO

2=z,

if( Ydz = QWZZReSf(Z) (5.1)
(L)

O64ucneHHs1 iHmeaparnie suansdy f R(cosz,sinx) dx
0

Hexan R(cosz,sinz) — pauioHanbHa (yHKUiS aprymMeHTiB cosz, sinz, sika €

obmexeHoto Ha npomixky [0,27]. MNoknagemo

z=e", |zl=1, 0<z<2rm, dxzﬁ, (5.2)
2
z'z_ —iz Qiz_l 2 _1
sing === (5.3)
21 21e"” 21z
iz —iz 2iz 2
cosz:e e _ ¢ +1:Z +1. (5.4)
2 2e” 2z
27
Togi fR(COS r,sinz) dx =

0

f [z 1z —1]dz fR* dz—QWZReSR*(z)

2=z,
(L)

1R[,z2 +1 22—1
z 221

ae z, — ocobnumei TOUKN YHKUiT R*(2) = — it . ] SKi 3HaxXo0QATbCS
V4

BcepeauHi kona (L): |z]=1.01xe
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2

f R(cosz,sinz) dx = 27?2 Res R (2). (5.5)
k=1

2=z,
0

O64ucneHHs1 iHmezpanie suansidy f f(z)dz
P (z)

Akwo  f(z) = Qm—(:c)

MHOTOYNIeHN Mopsiaky m Ta n, NpudoMy n > m +2 (CTeniHb 3HaMEeHHUKa

pauioHanbHa yHkUig, ge P (z) Ta Q,(x) —

xo4a 6 Ha ABi oauHWUi Binblle cTeneHi YncenbHWKa) MHorodneH @ (x) He

Mae OiNCHUX KOPEHIB, TO

ff@ﬂx:QMEZR%fuL (5.6)
o P =2z,
: P (2) : .
Oe z,— 0cobnuei ToukM yHKUiT f(2) = Qm( ) SKi HanexaTb BEpXHil
n z

nisnnowmHi (Im z > 0).

O64ucneHHsi iHmeeparnie euansady

[ f@)e™ dz (x>0 (5.7)
Axwo f(x):g’”gg — pauioHanbHa yHKUig, NpudoMy  CTeniHb  n

MHorouneHa @ (zr) xoya 6 Ha oauHuu Ginblie cTeneHi m MHOrouneHa

P () (n > m+1), MHOrouneH @, (z) He Mae OiNCHUX KOPeHiB, TO

jf(x) e dr = 27m'i Iieisf(z), (5.8)
R
Q,(2)

oe z,— ocobnuei Toukn QYHKUIT f(z) =

AKI HanexaTb BepXHin

nisnnowmHi (Im z > 0).

O64ucneHHs1 inmeapanie euansody



o o

I = ff(a:)cos)a: dr, I, = ff(a:)sin)\x dz. (5.9)

Akwo f(z) NnpaBunbHWUI pauioHanbHUM Apib To obuncneHHs iHTerpanis (5.9),

3BoAnTbLCS OO0 obuncneHHs iHTerpanie Buay (5.7) 3a dopmynoto (5.8),

OCKINnbKu
I = jf(x) cos Az dr = Re <(jﬂ f(z)e™ dxl, (5.10)
I, = jf(x) sin Az dz = Im ;:71 f(x)e™ drt. (5.11)
5.2. MeToauka po3B’'aAsyBaHHSA 3aBaaHHA Ne5
3aBpaHHA 5.1. O6uucnuTth iHTerpan __ter dz, pe (L): |z]=2.

wa(z-my)

sin z

Po3B’'szaHHsA. 1. OcobnuevMmn ToukamMm QyHKUiT f(z2) = -~ €
2 (z — %) COS 2
. s s
HY N 3HaMeHHMKa 2=0, z= 7 z = Py + km, (k=0,+1,+2,...).
BcepeanHi  kona (L): |z|=2 3HaxogaTbCA  TiNbKM  TPU  TOYKM
U s . . .

2, =0, z,= T BTg OcKinbKu iCHye CKiH4eHa rpaHuus
limf(z)zlimsmz- 12 =1-¥=1—§,
=0 =0z (z — 774) oS 2 ™ 7w

To 2z, =0 — ycyBHa ocobnuBa Touka yHKUii f(z). Touknm z, :% Ta

2, = g — NOMCK BIANOBIAHO APYroro Ta nepLworo nopsaaky yHKuii f(z) .

2. Ina oGuMcneHHs iHTerpana CKOPUCTAEMOCH OCHOBHOK TEOPEMON MNPOo

nuwkn, 3a popmynoto (5.1) matumemo
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b(ﬁf(z)dz = 2mi(Res f (2) + Res f (2) + Res f (2)).

z=2z 2=2, z=23
(L) m=2

OB64YNCNUMO OKPEMO KOXKEH NULLIOK:

sin 2 (4.5)

Res f (2) = Res 5 = 0;
A =0 z(z — 774) coS 2
2% , te 2] zcos 2z —tgz 2 4
Res f(z) = lim [z——] f(z)] =lim|—==| =1 . 8z _ 4 _ -
Z2=29 2—— 4 Z_J 2z Z—>£ z T T

Res f(2) ) lim[z—z]f(z):hm[z—z] te 2 - =
t=2——, z2—— = t—0,
2 2 .t 1 32
- s 1|~ _lrlg)l ' z T
tgz:tg(t%—g):—ctgt:—; 0 tgt (t—i-%)(t—!-%) m
g
Omxe fL;dz:2m[3—i2+3—3]:4z[1—3+¥].
(L) 22 — 2 ™ ™ ™ T T
4
BignoBiab: [ = 4@'[1 _2 +1—?]
m s
3aBaaHHA 5.2. OBuncnnTn iHTerpan y 4 (L)
2 /_
I:fZQCOSLdz,JJ,e (L) : x—+y2: : /\‘
(L) 22 ) \\JX
Pose'sisaHHa. 1. [ligiHTerpanbHa  byHKUiA Puc. 5.1

f(z) = 2° cos

5 Mae TiNbkn oOaHy ocobnuey
Z_

. . z’ 9
TOUKY z =2, flka 3HaxoouTbCA BcepeauHi eninca (L): Eer =1 (pwuc.

5.1). Toyka z =2 € cytteBo ocobnueoo aAnsg ®PKI3 f(z), 60 dyHKUiA €

AndepeHLiNnoBaHOIO B OKOMI TOYKM z = 2 OKPiM caMol L€l TOYKM i

- 3.

lim f(z) = lim 2” cos

z—2 2—2 7z —9
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[lonoBHa 4acTuHa pos3krageHHs f(z) B psAg JlopaHa B OKONi TOYKM z = 2

MICTUTb HECKIHYEHHY KifbKiCTb gofaHKiB (3 Bid’€MHUMWU CTENeHAMU 2z —2).

AincHo, f(2) = 2% cos _2:(2—2+2)2(}os i =
2 1 1 1
=|(z—2) +4(z—2)+4]-[1—2!(2_2)2+4!(Z_2)4—6!(Z_2)6+...]:
) 1 4 1 4) 1
= (2 —2) +4(Z_2)+[4_§]_—2!(z—2)+[Z_§](2_2>2+“':
5 7 2 47 1 1
R A S L R o S YW oo o

2. [na obuncneHHsa iHTerpana ckopmuctaemocs popmysioro (5.1)

L(ﬁf(z)dz = 2mi Rgsf(z).
(1) B

3a dopmyrioto (4.4) NULIOK y 0COBNMBIN ToYLi 2z = z, MOXHa 3HaxoAUTK 3a

dopmynoto  Res f(z)=c_,, Oe c, =—2 (koediulieHT Npu cTeneHi (z —2)'

2=

psay Jlopana ang ®K3  f(z) B OKOMi TOUKK z = 2z, = 2).

1
OTxe f 2* cos 42dz = 2m Rgs f =

(r) T

RgSf(Z) =—2|=—4im.

BignoBiab: [ = —4ir.
27

. dt
3aBaaHHA 5.3. O6uncnutn iHTerpan [ = . :
[ (V21 sint + 5)*

PosB’'saizaHHA. 1. [lepengemo Ao HOBOI 3MiHHOI iHTErpyBaHHSA 3rigHO oOpMYIT
(5.2-5.4):

: dz
. z=¢e", dt=-—,
2f dt B 12 .
: 2 2 -
) (V21sint +5) Sin g — 22' 1, (D):]2 =1
iz

a7



dz —4 zdz

=L

21z

z

(V212% 4+ 10iz — 421
_ —10i+/—100+84 —5i+2i

V212 +10iz —21=0 = 2, =

2. 3Hangemo ocobnmBi TOYKN PyHKUIT:  f(2) =

2./21 V21
. z 21z
PyHKuUiA f(z) = . — =
V21 V21
€ He aHaniTUYHOI B ABOX TOYKaX:
3 0.667 ontoc aTHOCTI 2 ity
2, = ———=~ —0.66: — non KpaTHOCTI m =
1 \/ﬁ p
dyHKUii f(z) (3HaxoaMTbCs BCcepeauHi koHTypa (L)),
71 :
Zz, = ———~ —1.03t — TMONKC KpPaTHOCTI m = 2
2 \/ﬁ p
dyHKUiT  f(2) (3HaxoguTbCsA 330BHI KOHTypa (L)) Puc. 5.1
(puc. 5.1).
3. [Ansa obymncneHHs oTpMmaHoro iHTerpana ckopuctaemocs gopmynoto (5.5).
—84 2dz
=5 f - =
e (x/ﬁz + 32) (x/ﬁz + 72)
— /
= 84 -2miRes f(z) =| Res f(2) @)lim[(z — 2, ) f(2) } =
) 2=z . 2=z
/
3i ) z
= —84m lim [z—l— ] . —
Z—’% V21 (x/ﬁz + 32’)2 (x/ﬁz + 72’)2
/
z (x/iz + 7i)2 — 2212 (x/iz + 72’)
= —4m lim 7| = —8m lim T =
| (V212 + 7i) - (V212 + 7i)
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(V212 + 7i) — 24212 (3i + 7d) — 6 4

= — &7 lilgl = = —87 . —— = —8m — = 0.0327
= NNV i+ 7) (107

BignoBiab: [ = 0.0327.

0 2
3aBaaHHsA 5.2. ObuncnuTK iHTerpan I:f 4(3: +52)dx :
LT+ 202" +64

PosB’'sizaHHA. 1. Ockinbku nigiHTerpanbHa yHKLis
’ +5 2’ +5

T) = = — napHa,
f@) ' +202° +64 (2" +4)(2” +16) P

17 (2°+5)dx
0 [=-— :
_fo;x4 +20z° + 64

AHaniTmyHUM NpoaoBXeHHAM dyHKUiT f(x) Byae

2 +5
(2 +4)(2* +16)

DK3  f(2) =

2. OcobnuBmMMM TOYKamMm PyHKUiT f(z) € nomwcyu neplioro nopsaKy

2, =20, 2z,=-2i, z,=4i, z,=—4i. Y BepxHin niBnnowuHi (Imz > 0)
3HaxXoOATbCA TOUKU 2, = 2 Ta z; = 4i, TOYKN 2, z, € (Imz > 0) (puc.5.2).

3. [Ans obuyncneHHa oTpMMaHoro iHTerpana ckopuctaemocs popmynoto (5.6)

17 (2 +5)dz 1
I == 27 (R +R
2fz+20z+64 g 2m (R /2 + Res f2))

OB64YncNMMO OKpeMO KOXeH nNuwok. 3a gopmyrsoto (4.6) MaTtumemo

) : Z+5 !
Res = lim (z 1 = lim = .
s f(z) = zHQiMM(Z—FQZ)(ZQ +16) -2 (2 +26)(2° +16)  48i

2 2
Resf()—hm 2z~ i = lim z 0 _ U

2 == .

[o¢]

1 (z°+5)dz
I_§£Z4+20z2+64 m B+ B /)=

: [ 1 11 ] 13
| — +
18i ' 96i) 96
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13

BignoBiab: [ = —.
a a 96
3aBpaHHA 5.3. Obuncnutu iHTerpan
f 8111433 dr
x +25 X
. . -5i
Po3B’si3aHHS. 1. TlligiHTerpanbHa yHKUiA :
Dein 4 Puc. 5.3
flz) = (xt >Sm2$ € ysBHOI YacTuHoto ®K3
(x° 4 25)
(z+1)e* :
F(z) = ~————, TOMY 3rigHo 3 doopmynoto (5.11
(2) 1257 y 3rigHo 3 doopmyrioro (5.11)
00 . o] 44z
I f (xtl)sm;lxdx — m f (zz+ l)e gz
v (x° + 25) v (2° + 25)
(Z+1) 44z B (z+1)e4iz

2. OcobnuBumn Toukamn OK3  F(z) =

(2> +25 (2 +5i)(z — 5i)’
MNoncu Apyroro nopsagky =z, =5i, 2, =—>5i. Y BEPXHIN MNIBMMAOLLNHI
(Im z > 0)3HaxoAMTLCS TifbKM NOMKC z, = 5i KpaTHOCTI m = 2 (puc.5.3).

3. [Ans obuncneHHsa iHTerpana ckopmuctaemoca popmynoto (5.8)

B B (Z+1)e4iz B ‘
I = Im{fm—(z2 P dzt = Im{2mi li%ZSF(Z) :

m=2

Ana obuncneHHs nuwka ckopuctaemocs oopmynoto (4.8):

Res F(z) = | Res F(2) <4:’g)lim[(z —a) F(z) ]/ = lim

z=bi z=a z—a

m=2 m=2
41z 4iz 41z -\2 . 4iz
— im (erl)(.a2 — lim (e™+4i(z+1)e )(z+5z).4 20z +5i)(z+1e™|
==5i| (2 + bi) 25 (z + 5i)
— lim e"*[(1 + 4iz + 44)) (2 + 5i) — 2(2 + 1)]
2bi (2 + 54)
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= lim

2z—bi

= e (0.2 — 0.0444)

e'“l4iz” + (41— 21)2 +5i —22] | o 44+ 200i
(z + 5i)° 1000i

Toze'™dz R . a0
I =Im {[@m = Im {27rz e (0.2 — 0.0442)} =04me .

20

BignoBiab: [ = 0.4me
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