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Змістовий модуль 1 
Термодинамічні основи термопружності

Тема 1 
Начальні зауваження. Деформація. Рівняння руху. Робота деформації.

[image: image1.png]TepMoynpyrocTb pacCMaTpHBaeT YIpyroe TBEpAOE TeJO Kak TepMo-
JTHMHAMHYECKYIO CHCTEMY, B3aHMOJIEHCTBHE KOTOPOH C OKPYXKarolie cpelloH
nposiBJSIETCS JIMIIb B MEXaHHYeCKOd pabore BHELIHHX CHJ H B TEll-
JIOOOMEHE. .

Teso, KaK H B KJACCHYeCKOH TEOpHH YHOpPYTOCTH, CUHUTaeTCs
HAeaJbHO YNPYrHM, HauaJbHO ONHOPOAHKIM, H3OTPONHBLIM M HMCHLITHI-
BAIOIUM MaJible IepeMelleHHs] OTHOCHTEJNBHO HEKOTOPOro HCXOJHOTO
COCTOSIHUS.

B TepMOympyrocTH HCHOJNb3YIOTCSI TIOHSITHA H IOJIOKEHHS KJacCH-
YeCKONl TEOpHM YNPYroCTH, CBfi3aHHbe C OmnucaHueM JedopManuil
u HanpsbkeHHH. OHH KpaTKO H3Jjaralorcsi B § 2.

Tepmonunamuueckasi CHCTEMa XapaKTepH3yeTCsl KOHEUHBIM 4YHCJIOM
HE3aBHCUMBIX NepeMEeHHbIX — MaKPOCKONHUYECKHX BEJIMUMH, Ha3biBaE€MbIX
TepMOJHHAMHueCKuMH napamerpaMu. OJHHM H3 He3aBHCHMBIX MakKpo-
CKONHYECKUX [1apaMeTPOB TEPMOJAUHAMHUYECKOH CHCTEeMbl, OT/IMUAIOLIUM
€€ OT MeXaHHMUeCKOH, SIBJIIeTCS TEMIEeparypa KakK Mepa HHTEHCHBHQCTH
TeMJIOBOro ABHXkKeHUsl. CBsaA3b AedOpMAllUM U TEMIEPATyphl yCTaHaBJ/IH-
BaeTCs C MOMOLIbIO TEPMOJMHAaMHKH.




[image: image2.png]PaccMotpuM KpaTKO OCHOBHLIE [OJIOKEHHA. KJIaCCHYECKOH TEOpHH
YyIpYyrocTd, KOTOpbI€ HCIOJIb3YIOTCS B JIMHEHHOH TePMOYHPYTOCTH.

Huddepennnpyst BekTop mepeMelmieHHsi u; 10 KOOpAHHATE X;, NIONY-
44aCM TEH30p BTOpOro paHra u; ;, KOTOPbI# MOXKHO NMPEACTaBHTL B BHJE
CYMMbl CHMMETPUYHOIO &; H AHTHCHMMETPHUHOIO w;; TEH30OpOB:

ui,]' b Ei] "'l" (!)i]o (2'1)
CHMMeTpHUHBIN TeHnsop
sif — S,’i == -—;- (u,:' I + uj, i) (2’2)

HaspIBaeTcA TeH30poM JedopMariiH.
AHTHCUMMe TpHYHDBIH TEH30p

1
py 0603HaYEHUSIX

P17 Ogp = —wg3, 0 = 013 = —0y;, 05 = 0y = —0y4




[image: image3.png]ymveeT TabJIMIY KOMIIOHEHTOB

0 —o; o
Wy 0 —ou,¢, (2.4)
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T. €. ONpeleJfeTcl TaK HasblBaeMbIM BEKTOPOM MOBOpoTa g (k =
=1, 2, 3). Ero KoOMIOHeHT w,, HanpuMmep, paBeH YIJy M[OBOpPOTa
sjleMeHTa o0beMa Tejla BOKPYr OCH, MapaJijieIbHOH Xg.

[Ipumensass Tensop e;r (cM. § 1), MOXKHO YCTaHOBHTBH CJEAYIOILYIO
3aBHCHMOCTb ME€KJY AaHTHCUMMETPHUHHIM TEH30pOM ®;; H BEKTOPOM
IIOBOPOTa W’

Wip = CjipWke (2.5)

03,=11,d2

PaccmoTpuM orpaHnueHHbIH MOBEPXHOCTbIO X HEKOTOpHIH 0o6beM V
yInpyroro tesna. ITOT OObeM HaXOJMTCA MOA JAeACTBHEM BHEMIHHX
O0bEMHBLIX H IOBEPXHOCTHHIX CHJ. Ha snemeHT o6bema dV jnefictByer

- -

oobeMHast cuna FdV, rae F — ofbeMHas cHJia, OTHECEHHasl K €IHMHHIIE

oopeMa. IlycTtb mnonoxeHne sJjeMeHTa INOBePXHOCTH dX B HEKOTOPOH
e

TOYKE 3aJaeTcs €IMHHYHLIM BEKTOPOM 71 BHeLIHeH HOpMaJiH K IOBEpX-
Hocth X. Ha asemenT noBepxHocTH dX JeficTByeT NOBEPXHOCTHAA

-~ -
cuja fdE, rme f — moBepXHOCTHasi CHJa, UPHXONAIIASACA HAa €IUHHILY
MJIOLIa i, WM HampsiiKeHHe.

Boinenum B Touke P aneMeHT ofneMa B (popMe GECKOHEUHO MaJioro
TETpasjpa, TPU IPaHH KOTOPOIO pACMOJIOKEHB B KOOPAMHATHHIX ILJIOC-
KOCTAX, a MOJIOXKeHHe YeTBEePTOH TrpaHH OmpeaesieTCs BHELIHed Hop-

MaJIBIo 11 (puc. 1),

W3 ycioBust paBHOBeCHs BCeX CHJ, [EeHCTBYIOIMX Ha TeTpas.p,
clelyeT ypaBHEHUE

From=0 (=12, 3),




[image: image4.png]- -
KOTOpO€E B COOTBETCTBHH C PaBEHCTBOM o_; = —o; IPHHHMAaET BUJ
- - .
f= Gin, (t = l’ 2’ 3)) (26)

\ie 5, — BEKTOPbl HaIpSKEHHH HA IUIOMIA/KAX, BHEIIHKE HOPMA/H KOTO-
DbIX  OBLALAIOT C MOJIOXKHUTE/NbHHIMH HANIPABJEHHSIMH KOODIHHATHBIX
e

ocell X;; 6—;— BEKTODH Hanps»eHUH Ha NJIONIaJKaX, BHELIHHE HOp-
Masd KOTOPHIX TPOTHBOIOJIOXKHBI MOJIOXKHTEIbHbIM HaNpaBJ/IEHHAM KOOp-
-

IMHATHBIX OCell; 7; — KOMIOHEHTH eJMHMYHOr0 BEKTOpa 11, paBHbIE
KOCHHYCAM YTJIOB MeXKIly BEKTOPOM

7 W OCAMH X;.

IIpu paccMOTPEHHH PaBHOBECHS
TeTpasjpa 0ObEMHBIE CHJIbI HE YUH-
THIBAIOTCS, TAK KaK OHHU SIBJIAIOTCS
pesJuyMHaM#u  6oJiee BBICOKOTO IO-
psilka MaJIOCTH.

COBOKYIIHOCTb Tp€X BEKTODOB

_c: (=1, 2, 3) ompenensier TeH-
30p HanpsKeHHs o;, KOMIIOHEHTLI
KOTOpOro NpeAcTaBJsloTCs TabJiu-
ueit (1.1). JluaronajbHble 3Ji€-
MEHTbl 3TOH TaOJuUbl ABJAIOTCS
HOpMaJIbHbIMH, a  HeJAHaroHaJib-
Hble — KacaTeJIbHbIMH  Hampske-
HUSAAMH Ha IJIOIaJKaX, neprneH -
KyJSIPHHIX K KOOPAHHATHBIM OCSM Puc. 2.
(puc. 2).

.
[Tyctb pasnoxkeHHe BeKTOpa Halpsi)KEHHS o; MO KOOPAHHATHBIM
OCSIM HMeeT BHJ

- -

G; = ciiel', (2'7)

—
rle e;j — €AUHHYHBIE BEKTOpPH KOOPAMHATHHIX OCeH.

Ilpu noncraHoBke Boipaxenuss (2.7) B ypaBHenue (2.6) nosydaem
C/lelylomue rpaHH4YHbe YCJIOBUA JJ11 KOMIIOHEHTOB TEH30pa Harmps-
XKEHUS:;

fj == Giihy WJIH ft = OGN, (28)

Cle [; — KOMMOHEeHTHl 3a/laHHO MOBEPXHOCTHOMN CHJIB.

PaccMOTpHM  yc/oBHSI paBHOBECHA IPOH3BOJIBHOTO ofbeMa V Teua,
OrpaHHuYeHHOro noBepxHocTbio Y. IlpupaBHHBasi K HYJIO TVIABHBIA BeK-
II(()EI ygaerr\facBHbm MOMEHT BHEIIHHX OOBEMHBIX U MOBEPXHOCTHBIX CHJI,

Jielyloliue ypaBHeHUs:

{Foav 4+ (a2 =0 2.9)
74

)]
V enxiFudV + ( equxifuds = 0. 2.10)
b

|14




[image: image5.png]IloBepxHOCTHLIE HMHTErpajnl B 3THX YpaBHEHHAX mnpeoOpasyeM
B o6beMHble. [1peo6pa3oBanue BhimosiHSAEeM € nomoiibio dopmyas OcTpo-
rpajpckoro — I'aycca

S P A = S ¢, ;dV. (2.11)
Z v

JleBasi 4acTb 3TOH (OpMyJsbl SIBJISIETC NOTOKOM BEKTOpa uepe3 3aMK-
HYTYIO NOBEPXHOCTb, a IpaBas — OOBEMHBIM HHTErPaJioM OT AHBEPreHIUH
BEKTOpa.

[Ipumensis opmyay (2.11) U yuntbiBas Bbipaxkenue (2.8), HaxoquM

S fi dY = Sc,-;n,- d¥ = S‘ c,;,,-dV;
3 ) %
§ eijeXifr dX = § €ijkXjo gty b = S (€ijexioy), AV =
V

= S eijeoje dV - S eijpXioie, 1dV.
v V

[TIpu mnpeoGpa3oBaHUH BTOPOrO MOBEPXHOCTHOI'C HHTErpasia yUHTHIBAEM,
4ToO Xj, ¢ == 8 U djo1 = o, TOe 3y — cumBos Kponekepa.

IloncraBasia NoBepXHOCTHHIE HHTErpasibl B ypaBHeHus (2.9) u (2.10),
1oJry4aeM

{ G+ Fyav =0, 2.12)
4
S eie-loje + X; (o, 1+ Fk)] dV = 0. (2.13)
4

B cuny npousBosbHOCTH o6bema V u3 ypaBHeHHsa (2.12) naxonum
YpaBHEHHS] PaBHOBECHSA

cji,]+Fi=0 (l-—_-l, 2, 3), (214)
a u3 ypaBHeHus (2.13), ¢ yuerom (2.14), umeeM paBeHCTBO
Opj = OTjk. (215)

Taknm 00pa3oM, TEH30p HaNpsSKEHUA SBJASETCH CHMMETPHYHEIM.
Ha ocnoBanuu BeipaxkeHus (2.15) rpanuuHbie ycnoBus (2.8) u ypas-
HeHHs1 paBHoBecus (2.14) MOXHO NpeiCTaBUTb TaKke B BHIE

ciini = fi (t = 19 29 3)’ (216)
oy, ; +Fi=0 (i=1, 2, 3). (2.17)

[Ipucoenunsia B cooTBeTCTBHH ¢ npuHuunoMm lanambepa K 0ObeMHBIM
cunaM F; CHibl HHEPUMH — pu;, NOJyyaeM ypaBHEHHS JBHXKEHUS

0,;,', i + Fi == pzti, (218)

rie p — IJIOTHOCTh MaTepHaJa.




Тема 2 
Короткий огляд основних понять і положень класичної термодинаміки. Термодинаміка термопружної деформації. Співвідношення між напруженнями та деформаціями. Деформації, викликані тепловим розширенням.

[image: image6.png]15 BEIBOJA COOTHOLIEHUH MEXAY HaNpspKeHWsIMH U JedopMalHsaMH
COCTaBUM BbIpaxkeHHe JJ1s1 IVIOTHOCTH CcBOOOMHOH 3Heprud F KakK (yHK-
MM KOMIIOHEHTOB TeH3opa aedopMmalluv e; H Temneparypol T.

[TycTb Teno B MCXOZHOM COCTOSIHHH HMeeT TeMmeparypy T, = const.
[lpennonaraem, yto npupauteHue Temmeparypsl © =T — T, BbI3bIBaeT

T
YyUCTO TEeIJIOBOE pacluHpeHUe SadT (¢ — UCTHHHBIA  KO3(PPUIIHEHT
T,
JIMHEHHOTO TeIJIOBOTO pacCLIupeHHsi), BeJJMYHHA KOTOpOro OXHOIN MopsijKa
MaJOCTH MO CPaBHEHHIO C ¢&;. ITO NPEANOJOXKeHHe He INPOTHBOPEUHT
OCHOBHOMY TOJIOXKEHHIO JIHHEHHOH TEeOpHH YIPYroCTH O MaJIOCTH Je-

" e
¢opMallHd H IO3BO/IAET OTKa3aTbCs OT OrpPaHHYEHHUS 7,—<< 1, koropoe
0

OObIYHO NPHHHUMAETCS IPH H3N0KEHHH TePMOAHMHAMHYECKHX OCHOB Tep-
moynpyroctd [3]. Bmecre ¢ TeM oOHO'TpefyeT yuera MeXaHHYECKOH
U TEepMHUECKOH HeOXHOPOXHOCTeH, OOYCJIOB/IEHHBIX BJ/IMSIHHEM IIOBHI-
[IEHHON TeMIepaTyphl.

YuyuteiBasi, 4To O He sBJAsETCI MaJiOH BeJHUYHHOH IO CPaBHEHHIO
¢ T, TepMoxguHaMHuecKyl O¢yHKuuio F pasnoxuMm B pan Teisopa
TOJIbKO MO CTeNeHAM e;; € KoadduuueHTamu, 3aBucsiluMuH or 7. Bl
OMpasi B KayecTBe HE€3aBHCHMEIX TePMOJHHAMHUECKHX I1apaMeTpOB BMEETO
KOMIIOHEHTOB TeH30pa JepopMalMH e; IepBble JBa €ro WHBapHaHTa
I, =¢ep, u Iy =¢;e; U orpaHHuHBasch B pa3/iokeHHH F YjeHaMH He
BbIllle BTOPOTO NOPsAAKAa MajOCTH, MOJyyaeM

F(ly 1y T)=F(0, 0, T)+ =521, 4

oF (0, 0, T) 1 8%F (0, O, T) .
+""_'—"012 Iy + & —————-011 I3. (6.1

Oynkuuio F (0, 0, T) BblpaxkaeM uepe3 VYAeNbHYIO TEIIOEMKOCTD
IPH  OTCYTCTBHH JHe(pOpMalMH Ce—o. ONpenensis 3Ty BEJHYHHY IO H3-

BECTHOH M3 TepMOoAHHAMHKH (opMyse u yuuThiBass ypaBHeHHe (4.13),,
HaxoxuM

_o{0S\ L [(®*F\ _  .d°F (0,0, T)
Cemo =T (—57"-)5=0 =—T (572)m0 =—T dT? ’

OTKYJa.

F (0, 0, T)———-Tj:dTS fe=0 (5.2)




[image: image7.png]rje OpH OnpejesieHHH IMOCTOSHHBIX HHTETPHPOBaHHUS NPUHATH Cjeaylo-
[ie yCJIOBHS:

S=—25 =0, F=0mpue,=0, T=T,

dF (0, 0, T)
or,

MexannuecKufl CMBICT (YHKIIHH BHISICHSIEM CJIeAYIOM UM

o0pasoM.
Chayana onpenensieM no ¢opmyse (4.13),

oF @0, 0, T
Gij = 2P‘eii + I:)‘skk + —(—5%'—2] 3¢y

rpe npuHuMaeM BO BHHMdHHE, 4TO

0 0 0
-5-8—”'—— 8;,-5-1—1—28,;]'8-1—2,

H BBOIHM OO0O3HayeHHUs

9°F (0,0, T)

OF (0,0, T)
ol -

)" T—' . (5.3)

Ilonarass B 9TOM COOTHOLIEHHH (= j=~Fk ¥ o,, =0 H yuHThIBas, 41O
By = 3, onpenesseM OTHOCHTE/NbHOE H3MeHeHHe eJHHHLBLl o0beMa IpH
CBOOOJHOM TEIJIOBOM pacIlMpEeHHH

T
3 OF(0, 0, T)
ow= =iy =3 edr.

To
rjie o — HCTHHHBIH KO3((dHIUEHT JHHEHAHOIO TEIIOBOTO pacUIHpeHHsl.

Orcroza
OF (0, 0, T)
or,

rae 8 =T—T,, ar— CpefHHH KOI(PHUIHEHT JHMHEHHOIO TeNJIoBOro

pacuiupeHuss B HHTepBasie TeMmneparyp (7y, T), onpelensieMbld Bblpa-
XKeHHeM

— (3\ + 2p) .6, (5.4)

e
T (5.5)

[ToxcraBnsisi Besauununl (5.2), (5.3) u (5.4) B pasnoxenue (5.1),
MOJyyaeM OKOHYaTeJbHOe BbipaKeHHe JJisi IUIOTHOCTH CBOOOXHOM

SHEPruH
T T

A Ces
F = Peg;i€if + b} Szk — (3l —I"' 2!.1-) aT@ekk -_ S dT S ——7':"0— dT, (56)
T, T,

a 3arteM, npuMeHsas ¢opMmyJay (4.13),, HaxoauM COOTHOLUEHHS MEXIY
HalnpspKeHUsIMH U iepopMalusiMy

oij = 2peii + [hey, — (X 4- 2p) a,0] 3y, (5.7)




[image: image8.png]rape A 1 p— KosqpuuHeHTH JIsiMe npH U30TepMUYECKOH Jedopmallud,
COOTBETCTBYIOULEH onpenesneHHod temmnepatype T =T

M3 coorHowmenui (5.7) npu i = j = k onpeaenseM oObeMHOe pac-
LIMPEeHHe

ke — ZI;? + 3(1.7.@, (58)

2 <
rae K =\- 3 b — H30TEPMHUUYECKHH MOLYJIb 00bEMHOTO pacilHpeHusl.

BHocs BblpaxkeHue (0.8) nJs e,, B COOTHoIIeHUs (D.7) M onpenesisis
e;j, HaXOAUM COOTHOILUEHHUA MexX1y AedopManuaAMH H HanpsKeHHsIMH
B BHJE

Eij = —E—— —_—Y 3%8 8,;]' —l— GTGB,;]', (59)

rje H30TepMHueckue MoAyJab ympyroctd E u kosddunuert Ilyaccona
v CBf3aHBl C H30TepMHYeCKHMH Ko3(¢ulueHTamHu Jlame cieryomumu
3aBUCHMOCTSIMHU:

. vE . E

T UFya= YTy

Paccmorpum ele oxHy TepMOAMHAMHUYECKYIO (PYHKIHIO, a HMEHHO:
MJIOTHOCTh TepPMOJMHAMHUeCKoro mnoTeHlnana ['ub0ca, onpejpensemMylo
chopmyJI0H

A (5.10)

G=F_°ijeij- (511)

Hcnonb3ysa Boipakenue (5.6) ajs F u cooTHoweHus (5.7) u (5.9)
A o5 U €;7, HAaXOIHUM

1
G e — ;"EV Gijcl:] + -2'15- O‘:k — aT@Gkk —
T T
3E Cem0
— g 8t — TS dT 5 =0 4. (5.12)

Onpenenss nonHbld Auddepennuan ¢yHknud G U npuMeHss Bbipa-
kenue (4.12), monyuaem

dG = —¢€jj dd,;]' = — SdTg

OTciona
oG oG

C nomoubio BeipakeHus1 (5.12) u ypaBnenus (5.13); MoxHO Temnepb
YCTAaHOBUTb CBSI3b MEXAY YVAelbHOH OObeMHOH TelJOeMKOCTBIO MpH
OTCYTCTBUM HaMpsKEHUH C;—o U yAeJbHOH OOBEeMHOH TelJIOEMKOCTbIO
[pd OTCYTCTBUH AePOpMaLHUH C.—o:

(oSN o6\ 3o e[ E
Como =T (5‘7‘,)°=0 = —T (0T2)0=0 =5 T-a—i;z [——-——1 — aTez] + C:—0. (514)

Ins tBepmoro Tena onbiTHBIM myTem Gosiee yAOGHO ONMpPeRENATh BeJH-
UHHY C5—0, YEM Ce=0-




Тема 3 
Загальна постановка задачі термопружності. Класифікація задач термопружності. 
[image: image9.png]B ofuiem ciyyae nocTaHoBKa 3aJayd TepPMOYIIPYTOCTH 3aKJ/I04aeTcs
B ciaenymomeM. HeobxonuMo npu 3alaHHBIX MeXaHHYECKHUX U TeNJIOBhIX
BO3JEUCTBUAX omnpeleutb 16 (QyHKUHH KoOpAMHAT X, U BpeMeHH f:
IIECTb KOMIIOHEHTOB TeH30pa HalpsiKeHUs o;;, LIECTb KOMIIOHEHTOB
TeH3opa JaedopMaluu e;;, TPH KOMIIOHEHTA BeKTOpa IMepeMellleHHs u;
u Temmeparypy T, yLOBJIETBOPAIOUUX TpEM YPaBHEHHUSAM JBUXKEHHUS
(2.18), 1weCTH COOTHOLIEHUAM MEXAYy HamnpsKeHUsAMH U JepopManusiMu
(5.7), LIECTH COOTHOLUEHHSAM MeXIAy AedopMauuaMd H lepeMelleHUAMU
(2.2), ypaBHeHHIO TeNJIONPOBOAHOCTH (5.15) npHu ompejpeseHHbIX HayaJb-
HbIX U TPAaHHYHBIX YCJIOBUSX.

HayanbHple ycoBus OOBIYHO 33JalOTC B BHAE pacipelesieHHH
B MOMeHT BpeMeHH [ =(0 KOMIIOHEHTOB BeKTOpa nepeMelleHUs U,

CKopocTed u; U TeMmneparypol T BO Bceit obGjactd V ympyroro rtena.

['paHuuHble yC/IOBHSI Ha MOBEPXHOCTH X YIOPYroro TeJjia, OrPaHHYH-
Baouleldl ero o6veM V, cocTOAT U3 MEXaHHYECKUX H TeIJIOBLIX YCJIOBHH.
MexaHnyeckye TrpaHUYHble YCJOBHS, KaK U B KJACCHYECKOH TeOpHH
YIpyrocTd, 3ajaloTcs Jub0 B nepeMelleHUsiX, Ju0O B HanpsKeHHsX.
B KkauecTBe TenJIOBOrO TpaHUYHOTO YCJAOBHUAA IIPUMEHSIETCS OXHO M3
TPaHUYHBIX YCJOBHUH TEOPUH TENJIONPOBOAHOCTH (IViaBa TpeTbs). Mexa-
HUYeCKHe U TeIJIOBble T'PaHUYHBbIE YCJOBHSI MOTYT ObITh TaKKe CMeLlaH-
HbIMH. Ha ofHO# yacT TOBEpXHOCTH MeXaHH4eCKHe IPaHHYHbIe YCJIOBHS
MOryT ObITb 3aJaHbl B llepeMellleHusX, a Ha APYrod — B HaNpsiKeHUSX.
TennoBoe rpanuyHoe ycJ/iOBHE HA OZHOH 4YacTH NOBEPXHOCTH TeJa 3a-
Jlaercs, Hanpumep, TeMmnepaTypoi, a Ha APyrod — 3aKOHOM KOHBEKTHB-
HOro TemjiooOMeHa ¢ OKpyXawoled cpelro.

YKaszaHHag cHCTeMa ypaBHEHHH ONHUCHIBAeT 33aJauyy TePMOYIPYTOCTH,
KOTopass Jaxe fIpu Majbix JedopManusax BCJIEACTBHE HEJHHEHAHOCTH
yPaBHeHUS TeNonpoBoAHOCTH (D.15) ABjseTcs HequHeHHOM.

0 o
IIpu —f—<<1 BMECTO HEJIHMHEHHOr'0 YypaBHEHHUSl TeNJIOoNPOBOLHOCTH

(5.15) wucmosb3yior ypaBHenue (5.18), M 3amaua TepMOYIpPYrocTH CTa-
HOBUTCA JHHeHAHOH. B paGore [3] nokasbiBaercsi, yto s obsactu V,
CBOOOZHOH OT OObEMHBIX CHJ M HCTOYHHKOB TeIlIa, pellieHHe CHCTeMbl
YpaBHenu#t (2.18), (5.7), (2.2), (5.18) npu HayanbHBIX ¥ TPAHHYHBIX
YC/IOBHSIX, S8aJaHHBIX 4Yepe3 MepeMellleHHsl H TeMIleparypy, sBJAeTCS




[image: image10.png]eAUHCTBEHHbIM. JTO [0Ka3aTe/IbCTBO MOXKHO 00OOIIMTL U Ha Apyrue
MeXaHHUYeCKHe H TellJIOBhble BO3JeHCTBHUS H TpaHHUYHbIE YCJOBHS.

CoctaBUM 1 3ajayd  TepPMOYNPYTOCTH YypaBHEHUS JABHIKEHHS
B nepemellleHuaX. Bolpakas B ypaBHeHusx (2.18) nanpsikeHus uepes
nedopmanyu no gopMmysam (5.7) U yuHTHIBasi, YTO uJIeHbl, COJAEPKallHe
ey, U O, COXPAHAIOTCA TOJBKO IPH [ = j, moJyyaem

2pey, + hepp, i — (BN 4+ 2p) 0,0, + F, — ou, = 0.

B »srtoM ypaBHenuu pedopMallK 3aMeHsieM [lepeMellleHHSMH MO
dopmysne (2.2). 3amensas j HeMbIM HHAEKCOM R U YYHUTbIBas, YTO
Up, ik = Up, kiy HAXOLHUM

ps, ke (N + 1) e, e — (3N +2p) a8, + F; —pu; = 0. (6.1)

Tpu ypaBueHus (6.1) coBMecTHO ¢ yeTBepTbIM ypaBHeHHeM (5.18)
npy OnpeJe/eHHBIX HayaJbHbIX H TPaHUYHBIX YCJOBHAX OINHUCBIBAIOT
HU3MEHEHHe B INPOCTPaHCTBE W BO BpeMeHM NoJis JedopMallud U TeM-
nepatypbl. [IpeacraBuM 5T ypaBHeHHs B BEKTOPHOH (opme:

w72 + (A + p) graddivi — 3\ + 2p) a, grad® + F — pu = 0; (6.2)

3k 4 2 T 3
XM iy =, (6.3)

q

| w
Vz@—?;@‘f"—)\——-

A
rae 8 =T — Ty (T, = const); a=—"— KoahpuLHeHT TemnepaTypo-

[TPOBOLHOCTH.

Cucrema ypaBHenuil (6.2) u (6.3) aBasercs cBf3aHHOH Ogarogaps
yieHy —(3A +2p)a,grad® B ypaBHeHusx (6.2) W  uieny

B\ + 2u) apTy ,, =
-—T——L—dlvu B ypaBHeHuu (6.3); npu sTOM ypaBHeHHs (6.2)
YUHTBHIBAIOT CHJIbl HMHepUHH. TakuM o0OpasoM, 3Ta CHCTeMa ypaBHEHHH
onucbiBaeT JedopMaluio Tesa, BO3HUKAIOULYI0 OT HeCTallHOHApHbIX
MeXaH HYeCKHX M TeIlJIOBLIX BO3AEeHACTBHH, a TaKxKe o0paTHLIN 3(ppeKT —
H3MeHeHHe €ero TeMIepaTypHoro noJjs, o0ycJ/oB/leHHOe JegopMaruei.
Takas 3amaua Ha3bIBAeTCH C8A3AHHOL OuHamuueckol 3adauel mepuo-
ynpyeocmu.

-)-

Bekrop mnepeMeliieHus1 ¢ MOXKeT ObITb pasJiOXKeH Ha [OTEeHIIHaJIbH yIo

H COJIEHOUNANBbHYIO YacTH H INpeJCTaBJieH B BHUJE

4 = grad @ + rot 4, (6.4)

-
rae @ — ckanapHblil norennuan; A — BEKTOPHBIA IOTEHIIHAJ.
IMocne noacraHoBKH Bhipakenus (6.4) B ypaBHenus (6.2) u (6.3)

nosyyaeM Jia yskuuii ® v A npu F =0 caexqyoline ypaBHEHHS
[44, 73}

vzcb--—c‘;-ci)—ﬁi-?ﬁa 0 =0 (6.5)
1




[image: image11.png]w24 —-C—lz-;f — 0 (6.6)

3\ 4 2 T
v2@~%@—i—f—x*2ﬁlv2®=_7‘i; 6.7)

q q

AN+ 2
c§=-—“;——*‘, c§=-p*‘-, (6.8)

rie ¢, — CKOPOCTb paclpocTpaHeHHsi ynpyrod Oe3BHXPEBOH BOJIHBI
(BOJIHbI PAaCIIMPEHHs1); C3 — CKOPOCTb PacnpocTpaHeHusi yIpyrod BOJIHBI
HCKaXXeHUs (II0BOPOTOB), BhI3bIBalolleH H3MeHeHHe (opMbl Oe3 u3MeHe-
Husl oObema ynpyroro tena [23].

Hckmouass © u3 ypaBHeHuit (6.5) m (6.7), mosyyaeM OLHO ypaB-
HeHUe 1A pyHKUuu D:

1 4 1 o e 0 3\ + 2p) e
(V=2 ) (V=5 a) e~ Ve =— T,
1
(6.9)
rje
(3\ + 2u)* a7 Ty
=0T (6:10)

Koapduuuent ¢ Ha3biBaeTcss KO3(ppHUIIHEHTOM CBSI3aHHOCTH.

B pa6orax [18, 50] paccmarpuBaiorcs o6oOiieHHs NpefcTaBJeHUH
Kjaccuueckoit Teopun ynpyroctd b. I'. Tanepkuna u [1. @, I[TankoBuya
Ha cJiyyad cBfI3aHHOM 3ajayu TepMoynpyroctd. OHH MoryT ObIThb IIpe-
oOpa3oBaHbl K npejacTasjeHHo (6.4).

Iedopmaliuss ynpyroro tejia Bbl3blBaeT Majoe H3MEHEHHe €ro TeM-
meparypel ©, a mostoMy yuer 3dxbeKra CBA3aHHOCTH HMeeT 3HayeHHe
He CTOJIbKO A/ 33ay O TelJIOBbIX HanpsxKeHHAX, CKOJIbKO IJif 3a7ay
O TepMOYNPYrOM pacCessHUH SHeprHH.

B 3amauax, B KOTOpBHIX TepMHUuUeCKoe BO3MYIILeHHe yNpyroro TeJa
BbI3bIBAeTCA OJHOH TOJMBKO Jedopmalluedl OT AHUHAMHYECKUX MeXaHH-
YecKHUX BO3JeHCTBUH, Npolecc nedhopMHUpOBaHUA OOLIYHO NpejIoaraercs
apuabatnyeckuM. IIpu Takoi medopmanuu mpupaiieHHe Temnepatypbl 6
ornpefiesisiercsi BolpaxkeHueM (5.20). [ToxcraBnsas 3T0 BblpakeHue B ypab-
HeHHe (6.2), rmosyyaeM ypaBHeHHe JUHAMHYECKOH 3ajayH TepMOyIpy-
FOCTH B IepeMelleHUsAX

7% + (\s + p) grad div & + F — pur = 0, 6.11)

rie As — anuabaruueckuil koapbHuueHT JlaMe, onpexesisieMbldi BhIpa-
KeHueM (5.22).

Ecau Mexanuyeckue BO3AEHCTBHS OTCYTCTBYIOT, @ TelJIOBble Me]-
JIEHHO U3MEHSIOTC BO BpeMeHH, TO ypaBHeHHe (6.2) npHHHMaeT BUI

w2 4 ( + p) grad div e — 3\ + 2p)a, grad® = 0. (6.12)




[image: image12.png]YpaBuenue (6.7) ocraerca Ge3 u3MeHeHHUs, a ypaBHeHHe (6.D) nmepexoquT
B cJepyloLLee:
(3N 4 2p) ap
2 —

[legcraBnas BeipaxkeHue (6.13) B ypaBHenue (6.7), HaxoquM ypaBHeHHE
TEIJIONPOBOLHOCTH

Vz@—%(l—{—e)@—{—%-:O, (6.14)

rie € coorBercTByeT BHAY (6.10).
3agaua TepMOyNpyrocTH, OmUchiBaeMasi ypaBHeHHsMH (6.12) u (6.14),
Ha3bIBAETCS CEA3AHHOU Keasucmamuueckod 3adawed mepmoynpyeocmu.
B paccMoTpenHBIX ABYX YacTHBIX CJay4asx 3ajayd TepPMOYNPYTOCTH
XOTsl U y4HThbIBalOTCA 3¢peKThl CB3aHHOCTH NoJiel AedopMalluy U TeMIe-
paTyphl, HO pellleHUs JBYX UCXOAHBIX YpaBHEHHH HaXoxaTcs He3aBUCHMO
ApYr OT Apyra; npd 3ToM B cjayyaé ajuabatyeckoro mnpollecca aedop-
L

MHPOBaHUSA CHayaJla onpefesisieTcs pellleHue JJIs BeKTopa nepeMelleHus u,
a B cjJyyae MeJJIeHHOrO H3MEHEHHs TeIJIOBhIX BO3LEHCTBHI HCCJENO-
BaHHE 3ajayd HauyuMHaeTcs C pellieHHs LIS TeMmIepaTypHOro nous 0.

[Ipu pe3ko HecTalHOHApPHBIX TETJIOBBbIX BO3AEHCTBHAX B ypaBHEHHH

> -
(6.2) npu F = 0 coxpansierca ujieH — pu, HO npu ¢ < 1 B ypaBHEHHH
(6.3) He yuuThIBaeTCs 4JeH MeXaHHUYECKOH CBf3H

BN+ 2u)a, Ty .. =
— I iy
q

3ajgaya TepMOyNPYroCTH, OMUCLIBaeMas ABYMsi YpaBHEHHSMH

V% 4 (\ 4+ p)grad div i — (A~ 2u)a, grad ® — pu = 0;  (6.15)
vzg_%@'_}.{ﬁ_: : (6.16)
q

Ha3bIBAETCH HeC6A3aHHOI Ounamuueckold 3adaueld mepmoynpyeocmu,
HJIH TIPOCTO Ouramuueckol sadadeld mepmoynpyeocmu.

[lpu cymecTBeHHOM mpHpallleHHu Temneparypsl 6 KoshhHIHEHTHI
A\, &, a; B COOTHOIIEHHAX (D.7) 3aBHCAT OT TeMIEpaTypbl, a CleloBa-
TeJIbHO, fABJSIOTCA (PYHKUIHSAMHM KOOPAMHAT X, U BpeMeHM f. Y4uTbiBas
3TO M BHINONHASA IpeoOpa3oBaHMs, aHAJOTHYHbIE NPOBEJEHHLIM IIPH
BbIBOJe YypaBHeHus (6.1) HaxoauMm Jss JHHAMHYEeCKOH 3ajayH TepMo-
YOPYTOCTH NpH GOJBIIOM TepMUYECKOM BO3MYILEHHH CJeAyIOLiHe ypaB-
HEHHST JBH)KEHHS B NepeMelleHHsX:

wiy, e+ (M Y e, ki + wor (U, k- Uk, 1) N ille, 2 —
— [(3\ + 2p) 0, B],; — pu; = 0. (6.17)




[image: image13.png]BMecTo 3THX Tpex CKadApHbIX ypaBHEHHH MOXKHO 3amucarbh OJHO
BeKTOPHOE B BHJeE

Wzibr (A 4 p) grad div Z;—[— 2gradp - I, 4 grad X div 0 —
— grad [(3) 4 2p) 0,0] — pu = 0, (6.18)

rge gradp . II, — cKansipuoe npou3Benenne TeH3opa Aedopmanun Il
Ha BeKTop gradp [25].

Ecau yyecTb 3aBUCHUMOCTH A, H C.—o OT TEMIIEPATypbl, TO COOT-
BETCTBYIOIIee ypaBHEHHE TEIVIONPOBOJHOCTH

(040.).;i + €0 +w =0 (6.19)

CTAHOBUTCSA HeJHUHEHHDbIM.
3anaua Tepmoynpyrocm, B KOTOpoH He y‘IHTbIBaIOTCH yjieH
(3)\ + 2p) arTo
A,
(6.2), HasbIBaeTca HECBA3AHHOL Keasucmamu4eckod 3ada4el mepmo-
ynpyesocmu, WIH KeasucmamuuecKol saoda4eld mepmoynpyeocmu.
AnanoruyueiM 00pa3oM MOXKHO MOJIYYUTh HCXOJAHbIE YypaBHEHUS
1pu GOJBIIIOM TEPMHUECKOM BO3MYLIEHHH JJisl KBa3UCTAaTHYECKOH 3ala4uH
TE€pPMOYIPYT OCTH.

divu s ypaBHeHuH (6.3) H qJIeH-—-pu B ypaBHEHHUH




Змістовий модуль 2
Нестаціонарні задачі теплопровідності

Тема 4
Начальні зауваження. Загальна постановка задачі. Застосування методу інтегрального перетворення Лапласа для розв’язання задач нестаціонарної теплопровідності. Загальні зауваження щодо застосування систем автоматизованого проектування до чисельного розв’язання задач нестаціонарної теплопровідності та візуалізації одержаних чисельних результатів.
[image: image14.png]3
OtOpaceiBass B ypaBHeHHUH (6.2) HHepUHOHHbIA 4jeH —pu, IOJY-
yaeM OCHOBHOE ypaBHEHUe paccMaTpuUBaeMoH 3ajayH

7% 4+ (A + p) grad div &z —
— (3N +2p)a,grad®+ F = 0. 8.1)
B stoM ypaBHeHuu (QyHKUUA O mnpeanosaraeTcs U3BECTHOH M3 pe-

IIEHUSI COOTBETCTBYIOILEH 3ajayd TemJoNPOBOAHOCTH.
['panvynble ycJoBHA MOTYyT OBITb 33laHbl B IepeMelleHHAX

u; = g;(X) (8.2)
WM B HalpsiKeHHUsX
oyin; = fi (Xr), (8.3)

rae f; (X,) — KOMIOHEHTbl TOBEPXHOCTHOH CHJIBI.
YcnoBua (8.3) B HanpsiKeHUSX C MHOMOLIbIO COOTHolleHu# (5.7)
H (2.2) MoXHO mHpeACTaBUTb TakKXKe B IepeMelleHHsX

wUe, i+, o) + e, e — 3N+ 2p) 2Ol ny = fi(xi). (3.4)
O6uiee pemeHue ypaBHenus (8.1) umeer BHA
- - - -
u=u* -+ uh 4 ub, (8.5)
re u* — obiee pellieHHe OXHOPOJHOrO YPaBHEHHS, COOTBETCTBYIQLILETO

-
T
ypasrenno (8.1); u'”) — yacTHoe pewenre HeOZHOPOAHOTO ypaBHEHUf

(8.1) npm F = 0; uh YacTHOE pellleHHe HeOJHOPOAHOro YypaBHEHHS
(8.1) mpu 8 = 0.

-
OOmmee peiienue oaHopoiHoro ypaBHenus u* wHaiimeno IT. ®. ITan-
KoBuyeM [46, 48] B caepymoleM Buie:

u*=4(1—v)B—grad(B - r+ B,), (8.6)

—
rie r — paguyc-BeKtop; B M By, — rapMonuueckue BeKTOp H CKaJsp,
YIOBJIETBOPSAIOUIHE YpaBHEHHUsIM

VB =0, /2B, =0; (8.7)
A

YT




[image: image15.png][Ipu peiiennn 3ajay T€pMOYNPyrocTd, B KOTOPHIX I'DAHHYHBIE YCJIO-
BUS 3aJaHbl B HanpsuKeHHsix, ynoOHa ¢opMmy/aHpoBKa 3ajaud TepMo-
YIPYrocTH B HanpsiKeHusix. PaccMoTpuM cHadasa ciydadl oJJHOCBA3HOIO
Tesa.

YpaBHenuss paBHOBecusi (2.17) u rpaHuuHble ycJjoBusa (8.3) yxe
BblpaxkeHbl B HanpsikeHHsix. [ledbopmauu¥ mnpu 3agaHHOM TeMIle€paTyp-
HOM [I0J1e OMpENESIOTCS Yepe3 HanpsiKeHHs ¢ MOMOLIbI0 COOTHOLUEHHH
(9.9). Ins nomxo#i ¢OpMyJHPOBKH 3ajayd TEPMOYIPYroCTH B Hamps-
XKEHUAX HeoOXORHUMO OINpeNeJNUTh NepeMelleHusl no JedopmailusM.

PaBenctBa (2.1) Ha ocHoBamuu 3aBHCHMOCTH (2.5) MoryT ObITb
MpeaCTaBJeHbl B BHIE

Ui, 1 = €45 + €jirwe. 9.1)
OYHKIHMIO 4, MOXHO ONpeleHTb [0 TPEM YacCTHBLIM IPOM3BOJHLIM

Y;, ; B TOM CJIyyae, €CJIH BBIMOJHAIOTCA Cje[yIollHe yCJIOBHS HHTErpH-
pyeMoctu ypaBHeHHH (9.1):

3pmj (eﬁ + eﬂkﬂ)k), m = epmjei/, m + epmjejikwk, m=— O- (9.2)

Hcnonesys toxpectBo (1.2), Bropoii unen 3Toro paBeHcTBa npeoO-
pasyeM K BHAY

epmi€itk®k, m = (Opidmpk — Oprdmy) Wp, m = dpip, 1 — W, 1.

Y4uTbiBasg NpHd 3TOM, 4YTO JAUBEPreHUUs BEKTOpa I[OBOPOTa wp, k
paBHa HYJIO, HaxoAUM ycJioBHsi (9.2) B Buje

Wp i = Cpomj€lj, m. (9.3)

3anaya CBOAMTCA K OTHICKAHHIO KOMIIOHEHTa BeKTopa MOBOpOTa o,
Mo TpeM ero 3aJaHHLIM TNPOU3BOAHBIM ®, ;. [IpuMenssa eme pa3s ycJo-
BUSI MHTErPHPYEMOCTH, MOJYy4aeM

€gnilpmitij, mn = 0. (94)

Gopmyaa (9.4) comepxkutr aBa CBOOOJHBIX HHAEKCAa p H ¢ H CHM-
METpUYHA OTHOCHTEJIbHO 3THX HMHAeKcoB. OnHa ompezensier miecTb ypas-
HEHHH, KOTOpble HAa3bIBAIOTCA YpaBHEHUSIMH COBMECTHOCTH JedopMaliui.
[lpunnumas p =3, g =3 u p =2, ¢ = 3, noJiyuyaeM H3 WECTH ypaBHEHHUH
COBMECTHOCTH JAedopMalUii JBa THIHYHLIX YpaBHEHHSI:

enn, 22 + €22, 11 = 2¢y9, 12,

11, 23 -+ €23, 11 = €12, 13 + €13, 12.

OcranbHble yerbipe ypaBHEHHs OJy4alOTCsl LMKJIHYECKOH [MepecTaHOBKOI
HH]IeKCOB.
[Ipu Boimmosnennu ycioBuil (9.4) BeSHYUHE

dui = Uy, ,-dx,, d(!)k = W, { dx; (9 5)




[image: image16.png]ABJISIOTCA NMOJHBIMH AubdepenunanamMu. MHTerpupys, onpeaesseM KoM-
IIOHEHTHl BEKTOpa IepeMelleHus 4, U yIJa MOBOpoTa wy B ToukKe P:

P P
u, = u‘} —+ S €if dE, -+ S CiikWk dEj; (96)
Py Po
0
0=+ | ermntin, mdts, 9.7)
Po

rae HHTerpassl OepyTcsi 1o JOJoMy OYTH MeXJy (PUKCHPDOBAHHOH TOY-
Kod Py(x?) u Toukoir P (x,) B paccMatpuBaeMoit o6GJaactu V; &, —
KOOPAMHATHl TeKYyLIed TOYKH HAa MNYyTH HUHTErpHPOBaHUA, d HOCTOfH-
Hole 4 U ©) — KOMIIOHEeHTHl BEKTOPOB NepeMellleHHsi H YrJa [oBopoTa
B Touke P,.

MuTerpupysa 1o yactsaM BTOpPOH HHTerpaj B NpaBOH 4acTH ypaBHe-
Hus  (9.6)

P
S €1irWk dE] = — S €jikWp d(xi - EI) =
0 P,

P
= =itk (JC? — xi) (ﬂg + S €jik (xi - ‘EI) doy,
P,

H NpUHUMas Bo BHHMaHue ypaBHeHHs (9.5), u (9.3), npencrasJasem
ypaBueHue (9.6) B Buje
P

;= U] — e (X9 — x,) 0y + S [ew + ejirermn (X; — &) €1n, m] dés. (9.8)
P,

Jas ogHocBA3HOH obsactd uHTerpannsl (9.7) u (9.8) He 3aBUCAT OT
MyTH HHTErPUPOBAHUS M, CJE€L0BaTeJbHO, MNPEACTaBJAIOT COO0H OXHO-
3Ha4yHble (PYHKIIUH.

[lpu orcyrctBuu gedopmanuu (g5 = 0) popMysa (9.8) onpenensier
MaJible TepeMellleHHss Tela B TouyKe P OTHOCHTeNIBHO TOYKH P, Kak
TBEPAOro LEJOro:

0 0
Ui = Ui — €jix (x,- —-—x,-) wg. (99)

CocraBuM ypaBHEHHE COBMECTHOCTH AedopMmalluidl B HanpsKeHHsX.

[NepenucriBaem ¢opmyay (9.4) B Buge

€1, mn = €tm, jn— €nj, mi ~+ €am, i = 0. (9 10)
[lonaraas m = n, nonyuaem
€if, nn — €in, jn = €nj, ni -+ €an, I = 0.

Buipaxxas B 5TOM YypaBHeHMH [eopMallid uepe3 HalpsXKeHHs Mo
dopmyJie (5.9) u 3aMeHsAs 3aTe€M BEJHYHHBI On, jn U Opnj, ni HA OCHOBA-
HuM ypaBHenus (2.17) Bennunnamun —F;; u —F; ;, HaxonuM

(1 4 v) 6i7, nn— YOrr, nadij + nn, i + (1 + v)(Fi, ;4 Fi,0) +
+ Ea, (8, ,3,+06 ) =0.




Тема 5

Миттєве джерело тепла у просторі. Тепловий удар на поверхні напівпростору. Тепловий удар на поверхні необмеженої пластини. Нестаціонарне плоске осесиметричне температурне поле диска та довгого циліндра

[image: image17.png]MrHoBeHHbI MCTOYHHK Temna B mpoctpaHcTBe. [IycThb B TOyke —
Hayane KOOpAWHAT IpPOCTPAaHCTBA B MOMEHT f = (0 MrHOBEHHO BbIJie-
JsieTcsl Temno @, NpH 3TOM TeMilepaTypa B TOYKE CKauyKooOpasHo
H3MeHsIeTCs OT HyJg Jo OecKoHeuHocTH. Toraa npH ¢ > (0 B npocTpaH-
CTB€ BO3HHMKAeT HeCTAalMOHAPHOE TeMIlepaTypHOe I[oJie, H30TepMHYe-
CKHE TMOBEPXHOCTH KOTOPOro SABJISIOTCA KOHIIEHTPHYECKUMH C(epaMH
¢ paguycamu r (0 <r << c0) M LIEHTPAaMH B Hayaje KOOPAHHAT.

ITO TeMmIepaTypHoe I1ojie B COOTBETCTBHH C YypaBHeHHEM TeIllo-
npoBogHocTH (14.1) ¥ BeIpaxkeHHeM JaJiA omepatopa Jlamsaca B cgepu-
YeCKMX KOOpAMHATAaX MNpPH LEHTPATBHOH CHUMMETPHH

720 — 1 0 (rz ae)

r2or\" or

onuceiBaercd npu { > 0 (w = 0) ypaBHeHHEM

1 0,08 108
w75 =% (21.1)
MPH HAYaJbHOM YCJIOBHH

0=0 npu ¢ = 0. (21.2)

Jns pemieHHsi pacCMaTpHUBaeMOH 3aJayd HCIOJb3yeM METOJ HHTEr-
pasibHOro npeo6pasoBanus Jlanmnaca. Ilpumensis npeoGpasoBanue Jlam-
Jaca (20.1) K ypaBHenuto (21.1) # HcioNb3ys NIpU BBHIYUCJAEHUM HHTErpaJsia

%%e—p"dt = pB* HauvasbHOe ycsaoBue (21.2), cBomuM 3ajmady K pelile-

0
HHIO OOLIKHOBEHHOro JH(pdepeHIHaJIbHOTO YypABHEHUS

L d ,d8* p ~yp
rnl— g9 =0

rjape

o — g Qe—rtdt.
)

Temnepatypa u ee usoOpaxkeHHE C YBEJHYEHHEM r He JOJIXKHbI
BospacTaThb. IS yJNOBJIETBOPEHHs 3TOrO YCJOBHSI M3 JBYX 4YaCTHBIX
pellleHHH BHILIENIPHBEIEHHOIO YDaBHEHHsl CJefyeT NPHHATbL BO BHHMAa-
HHE TOJIbKO OJHO:




[image: image18.png]YuntbiBasi, yto Temsao Q, BbiAeaMBIUeecs B MoMeHT [ = 0, pacxo-
JyeTCsl Ha HarpeB npoCcTPaHCTBa, AJs1 omnpejaeieHdss nocrosHHod C
COCTaBJIsieM cJieflyioliee paBeHCTBO:

Q = | cB4rrur,
0

rie ¢ — yaedbHasi oObeMHasi TEMJIOEMKOCTb MarepHasia MPOCTPAHCTBA.
Beimosinass npeoOpasoBanne Jlansaca B JieBOH M OpaBoH 4YacTsX
3TOr0 PaBeHCTBa, UMeeM

K ¢ —r/?
9— =— 4r¢ S Q*r2dr = 4rcC S e 1/_“I‘dt‘ = 41'CCC% .
0 0

p
Orcrozna
__Q
C= 4rac
H
_ p
O — Q e rl/-c—z
4racr )

Hcnonb3ys nnsi HaxoxjeHHs opuruHana tabauuy wuaobpakeHHi,
npuBefleHHYI0 B pabote [3D], HaxoiuM HCKOMOe pellleHHe

rl

0 =—3 21.3)

3
(4rat)’c

3ametuM, 4TO mpH ¢ = 0 (B MOMEHT NPHJIOKEHHSI HCTOUHHKA TemJia)
TeMneparypa © B KaxK[0H TOUYKe NMPOCTPAHCTBA PABHA HYJIO, 38 HCKJIO-
yeHHeM TOYKH r = 0, rae ona OeckoneuHa. IIpp f-— co B npocTpaH-
CTBE BOCCTaHAaBJIHBaeTCA MepBoHAuaJsbHasi Temmnepatypa O = (.

[lo ananoruu c pemwenusmu (19.5) u (19.6) peluenne JJs Teme-
paTypHOro mojs B MOJYIPOCTPAHCTBE C TeIlJIOU3OJUPOBAHHOH TI'paHHY-
HOH IOBEPXHOCTbIO, BbI3BAHHOTO BHE3AMHLIM BHIJEJIEGHHEM B MOMEHT
t=0 tenma Q B TOYKE HA MOBEPXHOCTH TMOJYIPOCTPAHCTBa, Gyner
caenyolee:

r2

0 =—2_¢ i (21.4)

(4nat)§c

TensoBo# ypnap Ha noBepxHocTH noaynpocTpaHcrea. [lyctb moay-
MPOCTPAHCTBO, 3aHuMawlee objacts x >0 (puc. 11), noxpBepraercs
Ha cBoed MoBepXHOCTH x¥ = (0 B MOMeHT / = ( BHe3aHOMY TEIJIOBOMY
BO3JIEHCTBHIO CpeJbl, TeMIlepaTypa KOTOpPOH MIHOBEHHO IIOBBLILLAETCS
OT HayaJbHOH TeMmImeparypel mosynpoctpancrea T, (0 = 0) no 3Haue-
Hust 8. Mexay NOBEPXHOCTBIO moJsymnpocTpaHcTBa ¥ = 0 H cpejoi B
JaJibHeillleM NPOHCXOAUT KOHBEKTHBHBHIH TerooOMeH.




[image: image19.png]HecraunonapHoe ofHoMepHOe TeMmmepaTypHOe TOJie MOJYNPOCTPaH-
ctBa O (x, £) =T (x, t)— T, B cooTBeTCTBHH ¢ ypaBHenHeMm (14.1) u
ycioBreM (14.6) onuceiBaeTcsi ypaBHeHHEM

0’6 1 06
= (21.5)
NpH HaYaJIbHOM H TpaHUYHOM ycJaoBHSX O = 0 npu ¢ = 0,
PO+ To—%=0 mpu x=0, (21.6)
x q

rae a — Ko3(ppHUHEHT TelJIOOTAAYH Ha IO0BePXHOCTH x = 0; a, A,—
KoapHUUHEHTH TeMAepaTypolpoOBOAHOCTH H TEIIONPOBOJHOCTH Mare-
pHasna moJyripoctpaHcTBa: [Ipu cocTap/ieHnH rpanHuyHOro ycjosus (21.6).
YUHTBIBAETCS, YTO HAMpPaBJieHHe BHeIL-
Hed HOPMaMM n K MOBEPXHOCTH Tesa
B ycJioBHH (14.6) npOTHBONONOXKHO MO-
JIOXKHUTEJIBHOMY HAalpaBJeHHIO OCH X
(puc. 11).

Ilpumensia npeoGpaseBanme Jlam-
Jaca K ypaeHenuio (21.5) u ycio-
BUIO (21.6) M yuuTBHIBas HayajbHOE
ycJoBHe, NogaydaeM AubdepeHIHANb-

Puc. 11. HOe YypaBHeHHe JJ H300pakeHHs
TeMIepaTypel
do*
S— L6 =0 21.7)

NpPH YCJIOBHH

de* Ty—%
_a}___;_q(@*_l_ . )=o npu x = 0. 21.8)

Ha ocHoBanuu cooGpakeHHil, aHAJOTHYHBIX TPHBEJEHHLIM B 3aja4e
O MIHOBEHHOM HCTOYHHKE Tellia, B oOLieM pellleHHH ypaBHeHHs (21.7)
COXpaHsieM TOJIbKO OJHO YaCTHOe pelleHHe W NOnydyaeM O* B BHIe

0* =Ce l/-g ¥,

Onpenensia C u3 ycnosus (21.8), monyyaeM ciepyioliee BhlpaxkeHHe
A1 H300pakeHHs1 TeMnepaTypsl NOJyIPOCTPAHCTBA:

Ve
0* — 1T(d —T,) e Vax’ (219)

e —————RAS——

(V)

1=
N

rjne




[image: image20.png]C nomoubio Tabsuibl H300pakeHuit [35] HaxoguM cJjeayloliee Bbl-
pakeHHe JJis TeMIepaTypHOro MoJifg MoJyIpoCcTpaHCTBa:

8=0—T, [erfc 5 I;a—t — exp (yx + 7%af) erfc (5-1—’}5 + 7 l/a)] ,
(21.10)

rae
X
erfc x=1—erfx, erfx = S e—* dx

0

2
V=




[image: image21.png]— HHTerpan BepoaTHOCTH ['aycca, a cuMBOJ €Xp O3HAYaeT 9KCIIOHEH-
LHUAJIBHYIO (YyHKIHIO.

B caygae 7= = > o Temneparypa 6 -4 T, moBepxHocTH X == 0,

KaK 3TO BHAHO H3 yc.nomm (21.6), MrHopeHHO NpHHHMMAaeT 3HauyeHHE

TeMIepaTypsl oKpyxkatouiefi cpeant 8. B stom cayuae pewenue (21.10)
NPUHUMAET BHJ

T 21.11)




Тема 6
Нестаціонарна теплопровідність прямокутної пластини при конвекційному теплообміні
[image: image22.png]TennoBol yjap Ha MOBEPXHOCTH HeOrpaHHUYEeHHOH mjacTuHbl. He-
h
OrpaHHY€HHas TVIACTHHA TOJILUIHMHBLI /1 HA MOBEPXHOCTH 2 =3 (puc. 12)

MOJIBEPraeTcs TeMJIOBOMY YyAapy, OOYCJ/IOBJIEHHOMY BHE3alHBIM [OJBO-
JIOM TEIJIOBOI'O MOTOKA MJIOTHOCTBIO ¢’ = —¢, TJe ¢ — IJIOTHOCTb Tell-
JIOBOT'O MOTOKA B HampaBjieHHH BHellHel HopManH K moBepxHocTH. [lo-

h o
BEPXHOCTb MNJIACTHHHI 2 = -3 npeanodiaraeM TeENJI0OU30/JHPOBAaHHOH.

[Ipy ykasaHHBIX YCJIOBHfIX TemyiooGMeHa HeCcTalHOHapHOe OfHOMep-

HOe TeMHepaTypHoe [10J1€ HeorpanuquHoﬁ MNJACTHHBLI OIIHUCHIBAETCH
ypaBHEHHUEM
920 08 91.12
02~ ot (21.12)

MPH HA4aJbHOM YCJIOBHH
Q=0 npu t =0
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[image: image24.png]M IPAHUYHBIX YCJIOBHSIX

Noe 1
pag =9 =—9 mmli=qg,
06 1
-5_{.-.—_0 TpH C:—-—é-, (21.13)
rae
4
C=%’ T—%Eo

[ToctanoBka 3Toit 3ajaul OTJIMYAeTCs OT paHee PAaCCMOTPEHHOH 3a-
Adud O TEIVIOBOM YyJap€ Ha IIOBEPXHOCTH IIOJIYNIPOCTPAHCTBA TOJIBKO
TPaHHYHBIMU yCJOBHAMH. HaxoxxneHne H300pa)KeHHs1 CBOAUTCS K pe-
ILIEHUIO Yy paBHEHHS

d2e* *

no ¢opme coBrajawollero ¢ ypasHenueM (21.7), mpu yc/oBHSX

lq d6*

T =
de* 1
-+ =0 mpul=—-. (21.15)

ITockonbky KoopauHara (, B OTJIHYHE OT KOOPAHHATHI X B ypaBHe-
HuH (21.7), U3MeHsieTCs B KOHEUHBIX Npefesax, TO B OOLIeM pelleHHH
ypaBHenusi (21.14) coxpansieM 1Ba YaCTHBIX pelIeHHsI M 3alHChIBAeM
ero B runepOosnyecKnx (PyHKLHUAX B BUJE

0* = C, ch )/ pl + Cysh V/ pi. (21.16)

Onpenensifi MOCTOSTHHBIE HHTErPHPOBAaHUA U3 ycJsoBui (21.15) u mox-
CTaB/Jssi HX 3HaueHUs B peineHue (21.16), nosyuaeMm ciepyroumee H300-
paxkeHHe TeMIIepaTypbl IJIACTHHBI:

x . A(p)
9 B’

rae

'h -

Ap)=52ch V(e + 1),
q
B(p) = p i LP.
() =p*=7=
KopusiMu ypaBHenHs B (p) = 0 aBns0TCA ABYKPaTHBIA KOPEHb Py ==

= (0 ¥ KODHH ppp1 = —n?z® (n=1, 2, ...) ypaBHEHHA

shl/ﬁz__sinil/ﬁ_o

Vo Vo




[image: image25.png]Onpenensia opuruHai (GYHKIHMH B Cjaydyae JBYKpaTHOTO KOpHS IO
¢opmyane (20.0) npu m=1 U kR, =2 H UCTNIOJBL3YysT AJS NPOCTHIX KOP-
Hed dopmyay (20.4), HaxoauM

VoenVa(t+5
o2y dp[————( ]

p—0 Shl/;)-

Z ch Vpn.n ¢+ ) ep”""T} .
urad PP (p V psh VP)J

P=Pny,
[TpuMensis n/1s pacKphITHs HeollpelesieHHOCTeH IpaBUsO JIOMHTad,

BBITIOJIHUM cJlefyloliee npeo6pa3oBaHHe IepBOro cJaraeMoro B (QHryp-
HBIX CKOOKax:

0 dp shV'p p=0 2sh V' p
' chlfﬁ(c+—é—-)(sh1/5—-1/5ch1/}5) 1 e
iy e (tha) —

[TopcTaBiisia 3TO BbIpaXKE€HHE M YUHTHIBasi, 4TO

d - ot 3 - - 1 -
[g,“, (pV psh Vl’)],,=pn+l = (7 VpshYp+ 5P ch Vp)”=f’n+, _
n n27t2
= (—1)*+! 5

?

chVE;.;'{(c+-;—)=cosng(2c+1),

[IoJiyyaeM BbIpaXKE€HHE IJisi HCKOMOI'o TEMIEPATYpPHOro II0JIA:

0= .‘?xﬁ{c plElot 2 2 (=D" s [”’t 20+ 1)] e
q

n=1

(21.17)
rape




Тема 7
Нестаціонарна теплопровідність пустотілого циліндру при конвекційному теплообміні
[image: image26.png][lycTp Ha BHYTpeHHEM KOHTYpe (KOHTYype LIeHTPaJbHOIO0 OTBEPCTHS)
r =r; 4 Ha Hapy>XHOM KOHTYype r = ry TOHKOTrO KpYIJIOrO IUCKa TOJ-

IMHOH /1 M HAa €ro MOBEPXHOCTX Z =} - MPOHCXOIHT KOHBEKTHB-
HbIH CTalHOHApHHIA TemyooOMeH (pHc. 9). I[lpeamonaraeM, 4YTO KOH-
o h
BEKTHBHBIH TelIoOOMEH MexAy MOBepXHOCTSMH HHCKa z = + o H cpe-

JIOH COBEpILIAeTCs NPU OAMHAKOBHIX TeMIepaTtypax cpeibl H Ko3(ddH-
IIMEHTaX TeMI0oTRauYH. MOXXHO CYMTaTh, YTO B TAKOM JHCKE BO3HH-
KaeT IJIOCKOe TeMnepatypHoe moJae (15.5).

r
BBoast BMECTO 7 OTHOCHTEJIBHYIO KOODAHHATY p = —, IIpeJCTaBJ/IfeM

A7 paCCMaTpHBAEMOro CJydas ypaBHEHHE TeIIONPOBOAHOCTH (15.6)
M ycaoBus (15.7) B Bune (BepxHuH HHAEKC Y O omylleH)
20 1d8
7T a
a9 O+ Ty—9,) =0 — 16.2)
3?,‘“'71( + Ty —19,) =0 mpu p = py, (1.

ghqg®+n—wg=0nmp=h

(O + T, — ) =0; (16.1)

rjape

27’2 ah air ayr ri
82:?—’ T=7\;’ T1=_7\—2’ T2=-;_29 Pl ;.
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[image: image28.png]¥;, ¥, u O — TemnepaTypa cpeipl COOTBETCTBEHHO Ha KOHTypax r =
= Iy, I =Ty W Ha NOBEPXHOCTAX 2 = * < ; a;, ay H & — KOS(PPHUHEHT
TEIJIOOTAAYH COOTBETCTBEHHO Ha KOHTYpaX r=r; H r =r, H Ha IO-
BEPXHOCTAX 2 = + % .
Pewennem ypaBuenus (16.1) sBasercs BblpaxeHue
0 =9 — T, + Cy/o (3p) + CKo (30), (16.3)

rae Iy (x) B K, (x) — OecceneBsl GYyHKIHH YHCTO MHHUMOTO apryMeHTa
(Moau(uuMpoBaHHbIe OeccesieBbl (YHKIMH) HYJEBOro MOpPsjgKa IEepBOro
U BTOpOro poja.

[TocTossnHble uHTerpupoBanua C, u C, omnpenensieM H3 yCJOBUH
(16.2), yuutbiBasi U3BECTHbIE U3 TEOPUH OeccesieBbIX (YHKIHHA (POpMYJIH

z?;’o (%) = I (%), ‘%Ko (%) = —K, (%), (16.4)

rae I, (x), K, (x)— GeccesneBbl (GYHKUHH YHCTO MHHMOrO apryMmeHTa
MepBOro Nnopsiika COOTBETCTBEHHO IEpBOro M BTOporo poxa. Haxomum

Cr=7 11 O — 90, (0) + 12 @ — v, Gp)l,  (16.5)

Cy = 3~ [y1 (O — 8) 11 (3) £ 73 (8, — ) 15 (3py),
rje
w () =1®)+ 21,(),  us (3p) = I 3py) — £ 1o (Bp),

0, (8) = K, (3) — 2K, (3), v; (3py) = Ky (3py) + £ Ko (3p1), (16.6)
A =38 [uy (3) v3(3p1) — U2 (Bpy) 1 (3)].
[Ipu v, =75 = o ycmosua (16.2) crenyroune:

©=9,—T, npup=p,,
O=3%—T, opu p=1. (16.7)

YpaBuenne (16.1) u ycaosua (16.7) omuceiBaror 3apayy o6 ocecHM-
METPHYHOM IIJIOCKOM TeMIlepaTypHOM IoJjie JHCKa, KOTJa Ha BHYTpEH-
HEM H Hapy»KHOM ero KOHTypaX 3aJaHbl TeMnepaTyphl IIPH KOHBEKTHB-
HOM TeIyIoOOMEHEe Ha TOPIEBBLIX MOBEPXHOCTSAX AHMCKA. Pemenue 3To#
3ajaud rnosyuaeM U3 pewenus (16.3), ycrpemnss v, U 7, K OeckoHeu-
Hoctd. [lpu 3TOM nocrosiHHble MHTErpHpoBaHHa (16.5) mpuHHMalOT 3Ha-
YyeHus

C, — — (3 — ) Ko (3) 4 (3, — ) Ko (dp,) :
' Io (%) go (3p1) — 1o (691; Klo ((2)
. (¥ — 3) [y (3) — (¥4 — 3) 1o (Bpy)
Cy = Iy () Ko (3p1) — 1o (Bpy) Ko (3) ° (16.8)

[Tonaras B ypaBHeHuu (16.1) 8 = 0, T. e. npeAnosiaras OTCyTCTBHE
h
Telioo0MeHa Ha MOBEPXHOCTAX JHCKA 2z = + -, MOJyuaeM ypaBHEHHe




[image: image29.png]TEIJIONIPOBOAHOCTH, KOTOpoe IMpH TrpaHHuyHBIX YycaoBusix (16.2) wim
(16.7) omnuceiBaer 3agauy o0 OCECHMMETPHUYHOM TEMIEPATYPHOM I10JI€
JAJIMHHOIO UH/JAMHAPA TpPH 3aJaHHOM KOHBEKTHBHOM TemooOMeHe Ha
BHYTpeHHel (p = p;) M HApPYXKHOH (p == 1) €ro UMJIHHApPUYECKHX IIO-
BEPXHOCTSIX WIM IIpH 33JaHHBIX TeMIlepaTypax Ha STHX IOBEPXHOCTSX.
B TOoM u apyroMm ciydasix TemnepaTypHoe MoJie OIpelessieTcss BhbIpa-
KEHHEM

©=C,+ Cylnp, (16.9)
MpH 3TOM B cJydyae I'DaHMYHBIX ycijoBuit (16.2)
1
C, = A [Y2s 4 Y1p1 (%1 — YaBelnpy)] — T,
1

Ce = A T1T2P1 (¥ — 8y), (16.10)

rae
A =13 + 71p1 (1 — 7210 py),

a NpH TFpaHHYHBIX ycJoBHAX (16.7)

Cl=82—’T09 Cz=81—82°

Inp,





[image: image30.png][Tycte cnyiomiHOfi TOHKHMH JUCK TOJMUIMHBL A OMBIBAa€TCSl CpejoOH,
TEMIepaTypa KOTOpOA Ha HApPyXHOM KOHTYpe 7 =Tr, 3aBHCHT TOJbKO

OT BpPEMEHH, a Ha IMOBEpPXHOCTAX 2 = -+ 5 — OIHHAKOBa U MOCTOSIHHA.




[image: image31.png]B TakoM jpHcKe BO3HHMKAaeT HeCTallHOHAPHOE IIOCKOE OCECHMMETPHYHOE
TeMIlepaTypHoe IMOJe.

B coorBercTBUH ¢ ypaBHenuamu (14.1) u (16.1) nmonyuaeM pas
paccMaTpUBaeMOl 3aZayd ypaBHEHHE TEIJIONPOBOLHOCTH

- E O+ T—8) =3 (22.1)
NPH YCJOBHUSIX
©=20 npu t© = 0; (22.2)
g? + 12(8 + Typ—13,) =0 mpu p =1, (22.3)
rae
=, 82-—2,122, =1 n=%

31echb BBeleHBl cjenylouiHe 0003HAYeHHsA: o H O — KO3(HUIHEHT Ter-
h
JIOOTJA4YH M TEMINepaTypa cpeibl Ha MOBEPXHOCTAX JIHCKa 2= 1 5]
dy U ¥y — KO3()HUMEHT TEIJIOOTAAau¥ M TeMmepaTypa cpeibl Ha KOH-
Type AUCKA r=ry (p=1).
AnnpokcumHpyeM H3MeHEHHe TeMIepaTypbl Cpefbl ©#, BO BpeMEHH
CJAEAYIOUUM 3aKOHOM:

¥, =9, (1 + kye—*v), (22.4)
rae 4, 2 U k, — NOCTOsHHbIE.
[Ipumenssi mpeoOpa3oBanue Jlannaca K ypaBHeHHIO (22.1) u ycJo-

BHIO (22.3), mosyyaeM audgepeHLMaNbHOE ypaBHEHHE nJid H300paxke-
HHUSl TeMrepaTypbl QUCKa

4* | 1de* (% —Ty)3
e [e* —7—0-—] 0 (22.5)

IIpH yCJIOBHH

de*
dp

Ty— 2% 3ok1
Tz(@*+ Op O—ﬁ;l,e)=0 mpu p=1,  (22.6)

rjpe
e2 =384 p.

Ypabuenue (22.5) no ¢opme coBnajaer ¢ ypasHenuem (16.1). Ilo
aHAJIOTHH C PElIeHHEM MOCJEIHEro HaxOAHM pelleHue ypaBHeHHA (22.5)
B BHJE

C=20E 4 Culo(ep) + Coko (o) (22.7)

ITonarasi noctossHHyl0 HHTerpupoBaHusi Cy paBHOH HYJIO H3 YCJIO-
BHSI KOHEYHOCTH TeMIEpaTypbl JUCKa B €ro HEHTpe U Onpenensis Mo-

0* =




[image: image32.png]CTOAHHYIO HHTerpvpoBaHusi C; u3 ycnoBusa (22.6), nomyuaeM crenyio-
ulee BbIpa)keHHe AJ13 H300paxKeHHs TeMIepaTyphl JHCKa:

x A0
0 ~ B(p)’

rjpe

A(p) =@ —T,) 82 (p + k) [13lo (e) + el1 (e)] + 1o {e® (30 — To) (P +
+ k) + oe?kyp — (p + £) 82 (3 — Ty)} I, (ep),
B(p)=p(p+ R)e*[13lo(e) + eI, (e)].

Kopusamu ypaBHeHusa B(p) =0 sBastorcss p, =0, p, = —k, pg =
=—28? puys=—@02+8) (n=1, 2, ...), rie B,=ic — KOpHH
ypaBHEH Hsl

Tslo (e) + el () = ‘rs-lo(p) - BJI (B) = 0, (22.8)

rae Jo(B), J1(B)— OecceneBbl (h)yHKUHH MEepBOro poja COOTBETCTBEHHO
HYJIEBOrO Y NepBOro mopsiaKoB.

YuutpiBasg 3HaueHUs 3THX KOPHeH U BHINOJIHAA NEpexoi OT H30-
OpakeHHs K OpurHHanay ¢ TioMouibio ¢opmyJisl (20.4), nocse nposeje-
HUS HeOOXOJUMBIX MpeoOpa3oBaHUH MoJyyaeM cJiefyiollee BhIpaskKeHHe
AJ1S1 TeMriepaTyphl AMCKa:

—_ 8 T (8 — ) Lo(sp) | TaBokilo (sp) e *" ___
9=1 T0+Tzlo(3) + 83 (3) 7 Yalo(s) + slg(8)

— ¥ ABad o @) €, 22.9)

rae
n = "2'“"2‘?‘—— ’
(Ya + Bn) Jo (Bn)
B, — B9, + 529 _ B8 ks
EE L L

s=} ¥ —Fk.

B cnyuae MrHOBeHHOro BO3AEHCTBHSI CpPEAbl Ha HAPYKHBIA KOHTYP
[HCKa TeMIlepaTypHOe IOJie ero rojy4yaeM M3 pemenus (22.9), noJa-
ras B HeM ¥, =19, U £, = 0:

8 Yo (85 — 8) 1, (Bp) ___ ' —(5’+B:)'=
8 =0—Tot rtrurim — & ABidaGar)e™ T,

(22.10)
rne




